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Symplectic, product and complex structures on 3-Lie algebras
Yunhe Sheng and Rong Tang
Abstract
In this paper, first we introduce the notion of a phase space of a 3-Lie algebra and show
that a 3-Lie algebra has a phase space if and only if it is sub-adjacent to a 3-pre-Lie algebra.
Then we introduce the notion of a product structure on a 3-Lie algebra using the Nijenhuis
condition as the integrability condition. A 3-Lie algebra enjoys a product structure if and
only if it is the direct sum (as vector spaces) of two subalgebras. We find that there are four
types special integrability conditions, and each of them gives rise to a special decomposition
of the original 3-Lie algebra. They are also related to O-operators, Rota-Baxter operators and
matched pairs of 3-Lie algebras. Parallelly, we introduce the notion of a complex structure
on a 3-Lie algebra and there are also four types special integrability conditions. Finally, we
add compatibility conditions between a complex structure and a product structure, between
a symplectic structure and a paracomplex structure, between a symplectic structure and a
complex structure, to introduce the notions of a complex product structure, a para-Kähler
structure and a pseudo-Kähler structure on a 3-Lie algebra. We use 3-pre-Lie algebras to
construct these structures. Furthermore, a Levi-Civita product is introduced associated to a
pseudo-Riemannian 3-Lie algebra and deeply studied.
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1 Introduction
A symplectic structure on a Lie algebra g is a nondegenerate 2-cocycle ω ∈ ∧2g∗. The underlying
structure of a symplectic Lie algebra is a quadratic pre-Lie algebra [17]. An almost product
structure on a Lie algebra g is a linear map E satisfying E2 = Id. If in addition, E also satisfies
the following integrability condition
[Ex,Ey] = E([Ex, y] + [x,Ey]− E[x, y]), ∀x, y ∈ g,
then E is called a product structure. The above integrability condition is called the Nijenhuis
condition. An equivalent characterization of a product structure is that g is the direct sum (as
vector spaces) of two subalgebras. An almost complex structure on a Lie algebra g is a linear
map J satisfying J2 = −Id. A complex structure on a Lie algebra is an almost complex struc-
ture that satisfies the Nijenhuis condition. Adding compatibility conditions between a complex
structure and a product structure, between a symplectic structure and a paracomplex structure,
between a symplectic structure and a complex structure, one obtains a complex product struc-
ture, a paraKähler structure and a pseudo-Kähler structure respectively. These structures play
important roles in algebra, geometry and mathematical physics, and are widely studied. See
[1, 2, 3, 4, 5, 8, 9, 12, 14, 15, 16, 18, 19, 29, 35] for more details.
Generalizations of Lie algebras to higher arities, including 3-Lie algebras and more generally, n-
Lie algebras [24, 28, 37], have attracted attention from several fields of mathematics and physics. It
is the algebraic structure corresponding to Nambu mechanics [25, 32, 36]. In particular, the study
of 3-Lie algebras plays an important role in string theory. In [13], Basu and Harvey suggested to
replace the Lie algebra appearing in the Nahm equation by a 3-Lie algebra for the lifted Nahm
equations. Furthermore, in the context of Bagger-Lambert-Gustavsson model of multiple M2-
branes, Bagger-Lambert managed to construct, using a ternary bracket, an N = 2 supersymmetric
version of the worldvolume theory of the M-theory membrane, see [6]. An extensive literatures are
related to this pioneering work, see [7, 26, 27, 33]. See the review article [20] for more details. In
particular, metric 3-algebras were deeply studied in the seminal works [21, 22, 23]. In [31], the
authors introduced the notion a Nijenhuis operator on an n-Lie algebra, which generates a trivial
deformation.
The purpose of this paper is to study symplectic structures, product structure and complex
structures on 3-Lie algebras and these combined structures. In the case of Lie algebras, pre-
Lie algebras play important roles in these studies. It is believable that 3-pre-Lie algebras will play
important roles in the corresponding studies. Thus, first we introduce the notion of a representation
of a 3-pre-Lie algebra and construct the associated semidirect product 3-pre-Lie algebra. Several
important properties of representations of 3-pre-Lie algebras are studied.
Note that the notion of a symplectic structure on a 3-Lie algebra was introduced in [11] and
it is shown that the underlying structure of a symplectic 3-Lie algebra is a quadratic 3-pre-Lie
algebra. We introduce the notion of a phase space of a 3-Lie algebra g, which is a symplectic 3-Lie
algebra g⊕ g∗ satisfying some conditions, and show that a 3-Lie algebra has a phase space if and
only if it is sub-adjacent to a 3-pre-Lie algebra. We also introduce the notion of a Manin triple
of 3-pre-Lie algebras and show that there is a one-to-one correspondence between Manin triples of
3-pre-Lie algebras and phase spaces of 3-Lie algebras.
An almost product structure on a 3-Lie algebra g is defined to be a linear map E : g −→ g satis-
fying E2 = Id. It is challengeable to add an integrability condition on an almost product structure
to obtain a product structure on a 3-Lie algebra. We note that the Nijenhuis condition (see (5))
given in [31] is the correct integrability condition. Let us explain this issue. Denote by g± the
2
eigenspaces corresponding to eigenvalues ±1 of an almost product structure E. Then it is obvious
that g = g+ ⊕ g− as vector spaces. The Nijenhuis condition ensures that both g+ and g− are sub-
algebras. This is what “integrability” means. Moreover, we find that there are four types special
integrability conditions, which are called strict product structure, abelian product structure, strong
abelian product structure and perfect product structure respectively, each of them gives rise to a
special decomposition of the original 3-Lie algebra. See the following table for a precise description:
product E[x, y, z]g = [Ex, y, z]g + [x,Ey, z]g + [x, y, Ez]g g = g+ ⊕ g−
structure −E([Ex,Ey, z]g + [Ex, y, Ez]g + [x,Ey,Ez]g) [g+, g+, g+]g ⊂ g+
+[Ex,Ey,Ez]g [g−, g−, g−]g ⊂ g−
strict product E[x, y, z]g = [Ex, y, z]g [g+, g+, g−]g = 0
structure [g−, g−, g+]g = 0
abelian product [x, y, z]g = −[x,Ey,Ez]g − [Ex, y, Ez]g − [Ex,Ey, z]g [g+, g+, g+]g = 0
structure [g−, g−, g−]g = 0
[x, y, z]g = E[Ex, y, z]g + E[x,Ey, z]g + E[x, y, Ez]g [g+, g+, g+]g = 0
strong abelian [g−, g−, g−]g = 0
product structure O-operators [g+, g+, g−]g ⊂ g+
Rota-Baxter operators [g−, g−, g+]g ⊂ g−
perfect product E[x, y, z]g = [Ex,Ey,Ez]g [g+, g+, g−]g ⊂ g−
structure involutive automorphisms [g−, g−, g+]g ⊂ g+
It is surprised that a strong abelian product structure is also an O-operator on a 3-Lie algebra
associated to the adjoint representation. Since an O-operator on a 3-Lie algebra associated to
the adjoint representation is also a Rota-Baxter operator [10, 34], it turns out that involutive
Rota-Baxter operator can also serve as an integrability condition. This is totally different from the
case of Lie algebras. Furthermore, by the definition of a perfect product structure, an involutive
automorphism of a 3-Lie algebra can also serve as an integrability condition. This is also a new
phenomenon. Note that the decomposition that a perfect product structure gives is exactly the
condition required in the definition of a matched pair of 3-Lie algebras [11]. Thus, this kind of
product structure will be frequently used in our studies.
An almost complex structure on a 3-Lie algebra g is defined to be a linear map J : g −→ g
satisfying J2 = −Id. With the above motivation, we define a complex structure on a 3-Lie algebra
g to be an almost complex structure satisfying the Nijenhuis condition. Then gi and g−i, which are
eigenspaces of eigenvalues±i of a complex linear map JC (the complexification of J) are subalgebras
of the 3-Lie algebra gC, the complexification of g. Parallel to the case of product structures, there
are also four types special integrability conditions, and each of them gives rise to a special decompo-
sition of gC:
complex J [x, y, z]g = [Jx, y, z]g + [x, Jy, z]g + [x, y, Jz]g gC = gi ⊕ g−i
structure +J([Jx, Jy, z]g + [Jx, y, Jz]g + [x, Jy, Jz]g) [gi, gi, gi]gC ⊂ gi
−[Jx, Jy, Jz]g [g−i, g−i, g−i]gC ⊂ g−i
strict complex J [x, y, z]g = [Jx, y, z]g [gi, gi, g−i]gC = 0
structure [g−i, g−i, gi]gC = 0
abelian complex [x, y, z]g = [x, Jy, Jz]g + [Jx, y, Jz]g + [Jx, Jy, z]g [gi, gi, gi]gC = 0
structure [g−i, g−i, g−i]gC = 0
[x, y, z]g = −J([Jx, y, z]g + [x, Jy, z]g + [x, y, Jz]g) [gi, gi, gi]gC = 0
strong abelian [g−i, g−i, g−i]gC = 0
complex structure O-operators [gi, gi, g−i]gC ⊂ gi
Rota-Baxter operators [g−i, g−i, gi]gC ⊂ g−i
perfect complex J [x, y, z]g = −[Jx, Jy, Jz]g [gi, gi, g−i]gC ⊂ g−i
structure anti-involutive automorphisms [g−i, g−i, gi]gC ⊂ gi
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Then we add a compatibility condition between a complex structure and a product structure
on a 3-Lie algebra to define a complex product structure on a 3-Lie algebra. We give an equivalent
characterization of a complex product structure on a 3-Lie algebra g using the decomposition of g.
We add a compatibility condition between a symplectic structure and a paracomplex structure on a
3-Lie algebra to define a paraKähler structure on a 3-Lie algebra. An equivalent characterization of
a paraKähler structure on a 3-Lie algebra g is also given using the decomposition of g. Associated
to a paraKähler structure on a 3-Lie algebra, there is also a pseudo-Riemannian structure. We
introduce the notion of a Livi-Civita product associated to a pseudo-Riemannian 3-Lie algebra, and
give its precise formulas. Finally, we add a compatibility condition between a symplectic structure
and a complex structure on a 3-Lie algebra to define a pseudo-Kähler structure on a 3-Lie algebra.
The relation between a paraKähler structure and a pseudo-Kähler structure on a 3-Lie algebra
is investigated. We construct complex product structures, paraKähler structures and pseudo-
Kähler structures in terms of 3-pre-Lie algebras. We also give examples of symplectic structures,
product structures, complex structures, complex product structure, paraKähler structures and
pseudo-Kähler structures on the 4-dimensional Euclidean 3-Lie algebra A4 given in [6].
The paper is organized as follows. In Section 2, we recall Nijenhuis operators on 3-Lie algebras
and 3-pre-Lie algebras. In Section 3, we study representations of 3-pre-Lie algebras. In Section 4,
we introduce the notion of a phase space of a 3-Lie algebra and show that a 3-Lie algebra has a
phase space if and only if it is sub-adjacent to a 3-pre-Lie algebra. We also introduce the notion of
a Manin triple of 3-pre-Lie algebras and study its relation with phase spaces of 3-Lie algebras. In
Section 5, we introduce the notion of a product structure on a 3-Lie algebra and give four special
integrability conditions. In Section 6, we introduce the notion of a complex structure on a 3-Lie
algebra and give four special integrability conditions. In Section 7, we introduce the notion of a
complex product structure on a 3-Lie algebra and give its equivalent characterization. In Section
8, we introduce the notion of a paraKähler structure on a 3-Lie algebra and give its equivalent
characterization. Moreover, we give a detailed study on the associated Levi-Civita product. In
Section 9, we introduce the notion of a pseudo-Kähler structure on a 3-Lie algebra and study the
relation with a paraKähler structure.
In this paper, we work over the real field R and the complex field C and all the vector spaces
are finite-dimensional.
Acknowledgement: We give our warmest thanks to Chengming Bai for very useful comments
and discussions. This research is supported by NSFC (11471139) and NSF of Jilin Province
(20170101050JC).
2 Preliminaries
In this section, first we recall the notion of a Nijenhuis operator on a 3-Lie algebra, which will
be frequently used as the integrability condition in our later studies. Then we recall the notion
of a 3-pre-Lie algebra, which is the main tool to construct examples of symplectic, product and
complex structures on 3-Lie algebras.
Definition 2.1. A 3-Lie algebra is a vector space g together with a trilinear skew-symmetric
bracket [·, ·, ·]g : ∧
3g −→ g such that the following fundamental identity holds:
[x, y, [z, w, v]g]g = [[x, y, z]g, w, v]g + [z, [x, y, w]g, v]g + [z, w, [x, y, v]g]g, ∀x, y, z, w, v ∈ g. (1)
For x, y ∈ g, define ad : ∧2g −→ gl(g) by
adx,yz = [x, y, z]g, ∀z ∈ g.
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Then (1) is equivalent to that adx,y is a derivation, i.e.
adx,y[z, w, v]g = [adx,yz, w, v]g + [z, adx,yw, v]g + [z, w, adx,yv]g, ∀x, y ∈ g.
Let (g, [·, ·, ·]g) be a 3-Lie algebra, and N : g −→ g a linear map. Define a 3-ary bracket
[·, ·, ·]1N : ∧
3g −→ g by
[x, y, z]1N = [Nx, y, z]g + [x,Ny, z]g + [x, y,Nz]g −N [x, y, z]g. (2)
Then we define 3-ary bracket [·, ·, ·]2N : ∧
3g −→ g by
[x, y, z]2N = [Nx,Ny, z]g + [x,Ny,Nz]g + [Nx, y,Nz]g −N [x, y, z]
1
N . (3)
Definition 2.2. ([31]) Let (g, [·, ·, ·]g) be a 3-Lie algebra. A linear map N : g −→ g is called a
Nijenhuis operator if the following Nijenhuis condition is satisfied:
[Nx,Ny,Nz]g = N [x, y, z]
2
N , ∀x, y, z ∈ g. (4)
More precisely, a linear map N : g −→ g of a 3-Lie algebra (g, [·, ·, ·]g) is a Nijenhuis operator
if and only if
[Nx,Ny,Nz]g = N [Nx,Ny, z]g +N [x,Ny,Nz]g +N [Nx, y,Nz]g
−N2[Nx, y, z]g −N
2[x,Ny, z]g −N
2[x, y,Nz]g
+N3[x, y, z]g. (5)
Definition 2.3. ([28]) A representation of a 3-Lie algebra (g, [·, ·, ·]g) on a vector space V is a
linear map ρ : ∧2g −→ gl(V ), such that for all x1, x2, x3, x4 ∈ g, there holds:
ρ([x1, x2, x3]g, x4) + ρ(x3, [x1, x2, x4]g) = [ρ(x1, x2), ρ(x3, x4)];
ρ([x1, x2, x3]g, x4) = ρ(x1, x2) ◦ ρ(x3, x4) + ρ(x2, x3) ◦ ρ(x1, x4) + ρ(x3, x1) ◦ ρ(x2, x4).
Example 2.4. Let (g, [·, ·, ·]g) be a 3-Lie algebra. The linear map ad : ∧
2g −→ gl(g) defines a
representation of the 3-Lie algebra g on itself, which we call the adjoint representation of g.
Let A be a vector space. For a linear map φ : A ⊗ A → gl(V ), we define a linear map
φ∗ : A⊗A → gl(V ∗) by
〈φ∗(x, y)α, v〉 = −〈α, φ(x, y)v〉, ∀α ∈ V ∗, x, y ∈ g, v ∈ V.
Lemma 2.5. ([11]) Let (V, ρ) be a representation of a 3-Lie algebra (g, [·, ·, ·]g). Then (V
∗, ρ∗) is
a representation of the 3-Lie algebra (g, [·, ·, ·]g), which is called the dual representation.
Lemma 2.6. Let g be a 3-Lie algebra, V a vector space and ρ : ∧2g → gl(V ) a skew-symmetric
linear map. Then (V ; ρ) is a representation of g if and only if there is a 3-Lie algebra structure
(called the semidirect product) on the direct sum of vector spaces g⊕ V , defined by
[x1 + v1, x2 + v2, x3 + v3]ρ = [x1, x2, x3]g + ρ(x1, x2)v3 + ρ(x2, x3)v1 + ρ(x3, x1)v2, (6)
for all xi ∈ g, vi ∈ V, 1 ≤ i ≤ 3. We denote this semidirect product 3-Lie algebra by g⋉ρ V.
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Definition 2.7. Let A be a vector space with a linear map {·, ·, ·} : ⊗3A → A. The pair (A, {·, ·, ·})
is called a 3-pre-Lie algebra if the following identities hold:
{x, y, z} = −{y, x, z} (7)
{x1, x2, {x3, x4, x5}} = {[x1, x2, x3]C , x4, x5}+ {x3, [x1, x2, x4]C , x5}
+{x3, x4, {x1, x2, x5}} (8)
{[x1, x2, x3]C , x4, x5} = {x1, x2, {x3, x4, x5}}+ {x2, x3, {x1, x4, x5}}
+{x3, x1, {x2, x4, x5}}, (9)
where x, y, z, xi ∈ A, 1 ≤ i ≤ 5 and [·, ·, ·]C is defined by
[x, y, z]C , {x, y, z}+ {y, z, x}+ {z, x, y}, ∀x, y, z ∈ A. (10)
Proposition 2.8. ([11, Proposition 3.21]) Let (A, {·, ·, ·}) be a 3-pre-Lie algebra. Then (A, [·, ·, ·]C)
is a 3-Lie algebra, which is called the sub-adjacent 3-Lie algebra of A, and denoted by Ac. (A, {·, ·, ·})
is called the compatible 3-pre-Lie algebra structure on the 3-Lie algebra Ac.
Define the left multiplication L : ∧2A −→ gl(A) by L(x, y)z = {x, y, z} for all x, y, z ∈ A. Then
(A,L) is a representation of the 3-Lie algebra Ac. Moreover, we define the right multiplication
R : ⊗2A → gl(A) by R(x, y)z = {z, x, y}. If there is a 3-pre-Lie algebra structure on its dual
space A∗, we denote the left multiplication and right multiplication by L and R respectively.
Definition 2.9. ([11, Definition 3.16]) Let (g, [·, ·, ·]g) be a 3-Lie algebra and (V, ρ) a representation.
A linear operator T : V → g is called an O-operator associated to (V, ρ) if T satisfies:
[Tu, T v, Tw]g = T (ρ(Tu, T v)w+ ρ(Tv, Tw)u+ ρ(Tw, Tu)v), ∀u, v, w ∈ V. (11)
Proposition 2.10. ([11, Proposition 3.27]) Let (g, [·, ·, ·]g) be a 3-Lie algebra. Then there is
a compatible 3-pre-Lie algebra if and only if there exists an invertible O-operator T : V → g
associated to a representation (V, ρ). Furthermore, the compatible 3-pre-Lie structure on g is given
by
{x, y, z} = Tρ(x, y)T−1(z), ∀x, y, z ∈ g. (12)
3 Representations of 3-pre-Lie algebras
In this section, we introduce the notion of a representation of a 3-pre-Lie algebra, construct the
corresponding semidirect product 3-pre-Lie algebra and give the dual representation.
Definition 3.1. A representation of a 3-pre-Lie algebra (A, {·, ·, ·}) on a vector space V consists
of a pair (ρ, µ), where ρ : ∧2A → gl(V ) is a representation of the 3-Lie algebra Ac on V and
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µ : ⊗2A→ gl(V ) is a linear map such that for all x1, x2, x3, x4 ∈ A, the following equalities hold:
ρ(x1, x2)µ(x3, x4) = µ(x3, x4)ρ(x1, x2)− µ(x3, x4)µ(x2, x1)
+µ(x3, x4)µ(x1, x2) + µ([x1, x2, x3]C , x4) + µ(x3, {x1, x2, x4}), (13)
µ([x1, x2, x3]C , x4) = ρ(x1, x2)µ(x3, x4) + ρ(x2, x3)µ(x1, x4) + ρ(x3, x1)µ(x2, x4), (14)
µ(x1, {x2, x3, x4}) = µ(x3, x4)µ(x1, x2) + µ(x3, x4)ρ(x1, x2)
−µ(x3, x4)µ(x2, x1)− µ(x2, x4)µ(x1, x3)
−µ(x2, x4)ρ(x1, x3) + µ(x2, x4)µ(x3, x1) + ρ(x2, x3)µ(x1, x4), (15)
µ(x3, x4)ρ(x1, x2) = µ(x3, x4)µ(x2, x1)− µ(x3, x4)µ(x1, x2)
+ρ(x1, x2)µ(x3, x4)− µ(x2, {x1, x3, x4}) + µ(x1, {x2, x3, x4}). (16)
Let (A, {·, ·, ·}) be a 3-pre-Lie algebra and ρ a representation of the sub-adjacent 3-Lie alge-
bra (Ac, [·, ·, ·]C) on the vector space V . Then (ρ, 0) is a representation of the 3-pre-Lie algebra
(A, {·, ·, ·}) on the vector space V . It is obvious that (L,R) is a representation of a 3-pre-Lie algebra
on itself, which is called the regular representation.
Let (V, ρ, µ) be a representation of a 3-pre-Lie algebra (A, {·, ·, ·}). Define a trilinear bracket
operation {·, ·, ·}ρ,µ : ⊗
3(A⊕ V ) → A⊕ V by
{x1 + v1, x2 + v2, x3 + v3}ρ,µ , {x1, x2, x3}+ ρ(x1, x2)v3 + µ(x2, x3)v1 − µ(x1, x3)v2. (17)
By straightforward computations, we have
Theorem 3.2. With the above notation, (A⊕ V, {·, ·, ·}ρ,µ) is a 3-pre-Lie algebra.
This 3-pre-Lie algebra is called the semidirect product of the 3-pre-Lie algebra (A, {·, ·, ·})
and (V, ρ, µ), and denoted by A⋉ρ,µ V .
Let V be a vector space. Define the switching operator τ : ⊗2V −→ ⊗2V by
τ(T ) = x2 ⊗ x1, ∀T = x1 ⊗ x2 ∈ ⊗
2V.
Proposition 3.3. Let (ρ, µ) be a representation of a 3-pre-Lie algebra (A, {·, ·, ·}) on a vector
space V . Then ρ−µτ +µ is a representation of the sub-adjacent 3-Lie algebra (Ac, [·, ·, ·]C) on the
vector space V .
Proof. By Theorem 3.2, we have the semidirect product 3-pre-Lie algebra A⋉ρ,µ V . Consider its
sub-adjacent 3-Lie algebra structure [·, ·, ·]C , we have
[x1 + v1, x2 + v2, x3 + v3]C = {x1 + v1, x2 + v2, x3 + v3}ρ,µ + {x2 + v2, x3 + v3, x1 + v1}ρ,µ
{x3 + v3, x1 + v1, x2 + v2}ρ,µ
= {x1, x2, x3}+ ρ(x1, x2)v3 + µ(x2, x3)v1 − µ(x1, x3)v2
+{x2, x3, x1}+ ρ(x2, x3)v1 + µ(x3, x1)v2 − µ(x2, x1)v3
+{x3, x1, x2}+ ρ(x3, x1)v2 + µ(x1, x2)v3 − µ(x3, x2)v1
= [x1, x2, x3]C + ((ρ− µτ + µ)(x1, x2))v3
+((ρ− µτ + µ)(x2, x3))v1 + ((ρ− µτ + µ)(x3, x1))v2. (18)
By Lemma 2.6, ρ − µτ + µ is a representation of the sub-adjacent 3-Lie algebra (Ac, [·, ·, ·]C) on
the vector space V . The proof is finished.
If (ρ, µ) = (L,R) is the regular representation of a 3-pre-Lie algebra (A, {·, ·, ·}), then ρ− µτ +
µ = ad is the adjoint representation of the sub-adjacent 3-Lie algebra (Ac, [·, ·, ·]C).
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Corollary 3.4. Let (ρ, µ) be a representation of a 3-pre-Lie algebra (A, {·, ·, ·}) on a vector space
V . Then the semidirect product 3-pre-Lie algebras A ⋉ρ,µ V and A ⋉ρ−µτ+µ,0 V given by the
representations (ρ, µ) and (ρ − µτ + µ, 0) respectively have the same sub-adjacent 3-Lie algebra
Ac⋉ρ−µτ+µ V given by (18), which is the semidirect product of the 3-Lie algebra (A
c, [·, ·, ·]C) and
its representation (V, ρ− µτ + µ).
Proposition 3.5. Let (ρ, µ) be a representation of a 3-pre-Lie algebra (A, {·, ·, ·}) on a vector
space V . Then (ρ∗ − µ∗τ + µ∗,−µ∗) is a representation of the 3-pre-Lie algebra (A, {·, ·, ·}) on the
vector space V ∗, which is called the dual representation of the representation (V, ρ, µ).
Proof. By Proposition 3.3, ρ − µτ + µ is a representation of the sub-adjacent 3-Lie algebra
(Ac, [·, ·, ·]C) on the vector space V . By Lemma 2.5, ρ
∗ − µ∗τ + µ∗ is a representation of the
sub-adjacent 3-Lie algebra (Ac, [·, ·, ·]C) on the dual vector space V
∗. It is straightforward to
deduce that other conditions in Definition 3.1 also hold. We leave details to readers.
Corollary 3.6. Let (V, ρ, µ) be a representation of a 3-pre-Lie algebra (A, {·, ·, ·}). Then the
semidirect product 3-pre-Lie algebras A ⋉ρ∗,0 V
∗ and A ⋉ρ∗−µ∗τ+µ∗,−µ∗ V
∗ given by the repre-
sentations (ρ∗, 0) and (ρ∗ − µ∗τ + µ∗,−µ∗) respectively have the same sub-adjacent 3-Lie algebra
Ac⋉ρ∗ V
∗, which is the semidirect product of the 3-Lie algebra (Ac, [·, ·, ·]C) and its representation
(V ∗, ρ∗).
If (ρ, µ) = (L,R) is the regular representation of a 3-pre-Lie algebra (A, {·, ·, ·}), then (ρ∗ −
µ∗τ +µ∗,−µ∗) = (ad∗,−R∗) and the corresponding semidirect product 3-Lie algebra is Ac⋉L∗ A
∗,
which is the key object when we construct phase spaces of 3-Lie algebras in the next section.
4 Symplectic structures and phase spaces of 3-Lie algebras
In this section, we introduce the notion of a phase space of a 3-Lie algebra and show that a 3-
Lie algebra has a phase space if and only if it is sub-adjacent to a 3-pre-Lie algebra. Moreover,
we introduce the notion of a Manin triple of 3-pre-Lie algebras and show that there is a one-to-
one correspondence between Manin triples of 3-pre-Lie algebras and perfect phase spaces of 3-Lie
algebras.
Definition 4.1. ([11]) A symplectic structure on a 3-Lie algebra (g, [·, ·, ·]g) is a nondegenerate
skew-symmetric bilinear form ω ∈ ∧2g∗ satisfying the following equality:
ω([x, y, z]g, w)− ω([y, z, w]g, x) + ω([z, w, x]g, y)− ω([w, x, y]g, z) = 0, ∀x, y, z, w ∈ g. (19)
Example 4.2. Consider the 4-dimensional Euclidean 3-Lie algebra A4 given in [6]. The underlying
vector space is R4. Relative to an orthogonal basis {e1, e2, e3, e4}, the 3-Lie bracket is given by
[e1, e2, e3] = e4, [e2, e3, e4] = e1, [e1, e3, e4] = e2, [e1, e2, e4] = e3.
Then it is straightforward to see that any nondegenerate skew-symmetric bilinear form is a sym-
plectic structure on A4. In particular,
ω1 = e
∗
3 ∧ e
∗
1 + e
∗
4 ∧ e
∗
2, ω2 = e
∗
2 ∧ e
∗
1 + e
∗
4 ∧ e
∗
3, ω3 = e
∗
2 ∧ e
∗
1 + e
∗
3 ∧ e
∗
4,
ω4 = e
∗
1 ∧ e
∗
2 + e
∗
4 ∧ e
∗
3, ω5 = e
∗
1 ∧ e
∗
2 + e
∗
3 ∧ e
∗
4, ω6 = e
∗
1 ∧ e
∗
3 + e
∗
2 ∧ e
∗
4
are symplectic structures on A4, where {e
∗
1, e
∗
2, e
∗
3, e
∗
4} are the dual basis.
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Proposition 4.3. ([11]) Let (g, [·, ·, ·]g, ω) be a symplectic 3-Lie algebra. Then there exists a
compatible 3-pre-Lie algebra structure {·, ·, ·} on g given by
ω({x, y, z}, w) = −ω(z, [x, y, w]g), ∀x, y, z, w ∈ g. (20)
A quadratic 3-pre-Lie algebra is a 3-pre-Lie algebra (A, {·, ·, ·}) equipped with a nondegen-
erate skew-symmetric bilinear form ω ∈ ∧2A∗ such that the following invariant condition holds:
ω({x, y, z}, w) = −ω(z, [x, y, w]C), ∀x, y, z, w ∈ A. (21)
Proposition 4.3 tells us that quadratic 3-pre-Lie algebras are the underlying structures of symplectic
3-Lie algebras.
Let V be a vector space and V ∗ = Hom(V,R) its dual space. Then there is a natural nonde-
generate skew-symmetric bilinear form ω on T ∗V = V ⊕ V ∗ given by:
ω(x+ α, y + β) = 〈α, y〉 − 〈β, x〉, ∀x, y ∈ V, α, β ∈ V ∗. (22)
Definition 4.4. Let (h, [·, ·, ·]h) be a 3-Lie algebra and h
∗ its dual space.
• If there is a 3-Lie algebra structure [·, ·, ·] on the direct sum vector space T ∗h = h ⊕ h∗ such
that (h ⊕ h∗, [·, ·, ·], ω) is a symplectic 3-Lie algebra, where ω given by (22), and (h, [·, ·, ·]h)
and (h∗, [·, ·, ·]|h∗) are 3-Lie subalgebras of (h ⊕ h
∗, [·, ·, ·]), then the symplectic 3-Lie algebra
(h⊕ h∗, [·, ·, ·], ω) is called a phase space of the 3-Lie algebra (h, [·, ·, ·]h).
• A phase space (h⊕ h∗, [·, ·, ·], ω) is called perfect if the following conditions are satisfied:
[x, y, α] ∈ h∗, [α, β, x] ∈ h, ∀x, y ∈ h, α, β ∈ h∗. (23)
3-pre-Lie algebras play important role in the study of phase spaces of 3-Lie algebras.
Theorem 4.5. A 3-Lie algebra has a phase space if and only if it is sub-adjacent to a 3-pre-Lie
algebra.
Proof. Let (A, {·, ·, ·}) be a 3-pre-Lie algebra. By Proposition 2.8, the left multiplication L is a
representation of the sub-adjacent 3-Lie algebra Ac on A. By Lemma 2.5, L∗ is a representation
of the sub-adjacent 3-Lie algebra Ac on A∗. Thus, we have the semidirect product 3-Lie algebra
Ac ⋉L∗ A
∗ = (Ac ⊕ A∗, [·, ·, ·]L∗). Then (A
c ⋉L∗ A
∗, ω) is a symplectic 3-Lie algebra, which is a
phase space of the sub-adjacent 3-Lie algebra (Ac, [·, ·, ·]C). In fact, for all x1, x2, x3, x4 ∈ A and
α1, α2, α3, α4 ∈ A
∗, we have
ω([x1 + α1, x2 + α2, x3 + α3]L∗ , x4 + α4)
= ω([x1, x2, x3]C + L
∗(x1, x2)α3 + L
∗(x2, x3)α1 + L
∗(x3, x1)α2, x4 + α4)
= 〈L∗(x1, x2)α3 + L
∗(x2, x3)α1 + L
∗(x3, x1)α2, x4〉 − 〈α4, [x1, x2, x3]C〉
= −〈α3, {x1, x2, x4}〉 − 〈α1, {x2, x3, x4}〉 − 〈α2, {x3, x1, x4}〉
−〈α4, {x1, x2, x3}〉 − 〈α4, {x2, x3, x1}〉 − 〈α4, {x3, x1, x2}〉.
9
Similarly, we have
ω([x2 + α2, x3 + α3, x4 + α4]L∗ , x1 + α1)
= −〈α4, {x2, x3, x1}〉 − 〈α2, {x3, x4, x1}〉 − 〈α3, {x4, x2, x1}〉
−〈α1, {x2, x3, x4}〉 − 〈α1, {x3, x4, x2}〉 − 〈α1, {x4, x2, x3}〉,
ω([x3 + α3, x4 + α4, x1 + α1]L∗ , x2 + α2)
= −〈α1, {x3, x4, x2}〉 − 〈α3, {x4, x1, x2}〉 − 〈α4, {x1, x3, x2}〉
−〈α2, {x3, x4, x1}〉 − 〈α2, {x4, x1, x3}〉 − 〈α2, {x1, x3, x4}〉,
ω([x4 + α4, x1 + α1, x2 + α2]L∗ , x3 + α3)
= −〈α2, {x4, x1, x3}〉 − 〈α4, {x1, x2, x3}〉 − 〈α1, {x2, x4, x3}〉
−〈α3, {x4, x1, x2}〉 − 〈α3, {x1, x2, x4}〉 − 〈α3, {x2, x4, x1}〉.
Since {x1, x2, x3} = −{x2, x1, x3}, we deduce that ω is a symplectic structure on the semidirect
product 3-Lie algebra Ac ⋉L∗ A
∗. Moreover, (Ac, [·, ·, ·]C) is a subalgebra of A
c
⋉L∗ A
∗ and A∗ is
an abelian subalgebra of Ac ⋉L∗ A
∗. Thus, the symplectic 3-Lie algebra (Ac ⋉L∗ A
∗, ω) is a phase
space of the sub-adjacent 3-Lie algebra (Ac, [·, ·, ·]C).
Conversely, let (T ∗h = h ⊕ h∗, [·, ·, ·], ω) be a phase space of a 3-Lie algebra (h, [·, ·, ·]h). By
Proposition 4.3, there exists a compatible 3-pre-Lie algebra structure {·, ·, ·} on T ∗h given by (20).
Since (h, [·, ·, ·]h) is a subalgebra of (h⊕ h
∗, [·, ·, ·]), we have
ω({x, y, z}, w) = −ω(z, [x, y, w]) = −ω(z, [x, y, w]h) = 0, ∀x, y, z, w ∈ h.
Thus, {x, y, z} ∈ h, which implies that (h, {·, ·, ·}|h) is a subalgebra of the 3-pre-Lie algebra
(T ∗h, {·, ·, ·}). Its sub-adjacent 3-Lie algebra (hc, [·, ·, ·]C) is exactly the original 3-Lie algebra
(h, [·, ·, ·]h).
Corollary 4.6. Let (T ∗h = h ⊕ h∗, [·, ·, ·], ω) be a phase space of a 3-Lie algebra (h, [·, ·, ·]h) and
(h ⊕ h∗, {·, ·, ·}) the associated 3-pre-Lie algebra. Then both (h, {·, ·, ·}|h) and (h
∗, {·, ·, ·}|h∗) are
subalgebras of the 3-pre-Lie algebra (h⊕ h∗, {·, ·, ·}).
Corollary 4.7. If (h⊕ h∗, [·, ·, ·], ω) is a phase space of a 3-Lie algebra (h, [·, ·, ·]h) such that the 3-
Lie algebra (h⊕h∗, [·, ·, ·]) is a semidirect product h⋉ρ∗ h
∗, where ρ is a representation of (h, [·, ·, ·]h)
on h and ρ∗ is its dual representation, then
{x, y, z} , ρ(x, y)z, ∀x, y, z ∈ h,
defines a 3-pre-Lie algebra structure on h.
Proof. For all x, y, z ∈ h and α ∈ h∗, we have
〈α, {x, y, z}〉 = −ω({x, y, z}, α) = ω(z, [x, y, α]g⊕g∗) = ω(z, ρ
∗(x, y)α) = −〈ρ∗(x, y)α, z〉
= 〈α, ρ(x, y)z〉.
Therefore, {x, y, z} = ρ(x, y)z.
Example 4.8. Let (A, {·, ·, ·}A) be a 3-pre-Lie algebra. Since there is a semidirect product 3-pre-
Lie algebra structure (A ⋉L∗,0 A
∗, {·, ·, ·}L∗,0) on the phase space T
∗Ac = Ac ⋉L∗ A
∗, one can
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construct a new phase space T ∗Ac⋉L∗ (T
∗Ac)∗. This process can be continued indefinitely. Hence,
there exist a series of phase spaces {A(n)}n≥2 :
A(1) = A
c, A(2) = T
∗A(1) = A
c
⋉L∗ A
∗, · · · , A(n) = T
∗A(n−1), · · · .
A(n) (n ≥ 2) is called the symplectic double of A(n−1).
At the end of this section, we introduce the notion of a Manin triple of 3-pre-Lie algebras.
Definition 4.9. A Manin triple of 3-pre-Lie algebras is a triple (A;A,A′), where
• (A, {·, ·, ·}, ω) is a quadratic 3-pre-Lie algebra;
• both A and A′ are isotropic subalgebras of (A, {·, ·, ·});
• A = A⊕A′ as vector spaces;
• for all x, y ∈ A and α, β ∈ A′, there holds:
{x, y, α} ∈ A′, {α, x, y} ∈ A′, {α, β, x} ∈ A, {x, α, β} ∈ A. (24)
In a Manin triple of 3-pre-Lie algebras, since the skewsymmetric bilinear form ω is nondegen-
erate, A′ can be identified with A∗ via
〈α, x〉 , ω(α, x), ∀x ∈ A,α ∈ A′.
Thus, A is isomorphic to A ⊕ A∗ naturally and the bilinear form ω is exactly given by (22). By
the invariant condition (21), we can obtain the precise form of the 3-pre-Lie structure {·, ·, ·} on
A⊕A∗.
Proposition 4.10. Let (A ⊕ A∗;A,A∗) be a Manin triple of 3-pre-Lie algebras, where the non-
degenerate skewsymmetric bilinear form ω on the 3-pre-Lie algebra is given by (22). Then we
have
{x, y, α} = (L∗ −R∗τ +R∗)(x, y)α, (25)
{α, x, y} = −R∗(x, y)α, (26)
{α, β, x} = (L∗ −R∗τ +R∗)(α, β)x, (27)
{x, α, β} = −R∗(α, β)x. (28)
Proof. For all x, y, z ∈ A,α ∈ A∗, we have
〈{x, y, α}, z〉 = ω({x, y, α}, z) = −ω(α, [x, y, z]C)
= −ω(α, {x, y, z}+ {y, z, x}+ {z, x, y})
= −ω(α,L(x, y)z −R(y, x)z +R(x, y)z)
= −〈α,L(x, y)z −R(y, x)z +R(x, y)z〉
= 〈(L∗ −R∗τ +R∗)(x, y)α, z〉,
which implies that (25) holds. We have
〈{α, x, y}, z〉 = ω({α, x, y}, z) = −ω(y, [α, x, z]C) = ω(y, [z, x, α]C) = −ω({z, x, y}, α)
= 〈α,R(x, y)z〉 = −〈R∗(x, y)α, z〉,
which implies that (26) holds. Similarly, we can deduce that (27) and (28) hold.
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Theorem 4.11. There is a one-to-one correspondence between Manin triples of 3-pre-Lie algebras
and perfect phase spaces of 3-Lie algebras. More precisely, if (A ⊕ A∗;A,A∗) is a Manin triple
of 3-pre-Lie algebras, then (A ⊕ A∗, [·, ·, ·]C , ω) is a symplectic 3-Lie algebra, where ω is given by
(22). Conversely, if (h ⊕ h∗, [·, ·, ·], ω) is a perfect phase space of a 3-Lie algebra (h, [·, ·, ·]h), then
(h⊕h∗; h, h∗) is a Manin triple of 3-pre-Lie algebras, where the 3-pre-Lie algebra structure on h⊕h∗
is given by (20).
Proof. Let (A⊕A∗;A,A∗) be a Manin triple of 3-pre-Lie algebras. Denote by {·, ·, ·}A and {·, ·, ·}A∗
the 3-pre-Lie algebra structure on A and A∗ respectively, and denote by [·, ·, ·]A and [·, ·, ·]A∗ the
corresponding sub-adjacent 3-Lie algebra structure on A and A∗ respectively. By Proposition 4.10,
it is straightforward to deduce that the corresponding 3-Lie algebra structure [·, ·, ·]C on A⊕A
∗ is
given by
[x+ α, y + β, z + γ]C = [x, y, z]A + L
∗(α, β)z + L∗(β, γ)x+ L∗(γ, α)y
+[α, β, γ]A∗ + L
∗(x, y)γ + L∗(y, z)α+ L∗(z, x)β. (29)
For all x1, x2, x3, x4 ∈ A and α1, α2, α3, α4 ∈ A
∗, we have
ω([x1 + α1, x2 + α2, x3 + α3]C , x4 + α4)
= ω([x1, x2, x3]A + L
∗(α1, α2)x3 + L
∗(α2, α3)x1 + L
∗(α3, α1)x2
+[α1, α2, α3]A∗ + L
∗(x1, x2)α3 + L
∗(x2, x3)α1 + L
∗(x3, x1)α2, x4 + α4)
= 〈[α1, α2, α3]A∗ + L
∗(x1, x2)α3 + L
∗(x2, x3)α1 + L
∗(x3, x1)α2, x4〉
−〈α4, [x1, x2, x3]A + L
∗(α1, α2)x3 + L
∗(α2, α3)x1 + L
∗(α3, α1)x2〉
= 〈[α1, α2, α3]A∗ , x4〉 − 〈α3, {x1, x2, x4}A〉 − 〈α1, {x2, x3, x4}A〉 − 〈α2, {x3, x1, x4}A〉
−〈α4, [x1, x2, x3]A〉+ 〈{α1, α2, α4}A∗ , x3〉+ 〈{α2, α3, α4}A∗ , x1〉+ 〈{α3, α1, α4}A∗ , x2〉.
Similarly, we have
ω([x2 + α2, x3 + α3, x4 + α4], x1 + α1)
= 〈[α2, α3, α4]C , x1〉 − 〈α4, {x2, x3, x1}A〉 − 〈α2, {x3, x4, x1}A〉 − 〈α3, {x4, x2, x1}A〉
−〈α1, [x2, x3, x4]C〉+ 〈{α2, α3, α1}A∗ , x4〉+ 〈{α3, α4, α1}A∗ , x2〉+ 〈{α4, α2, α1}A∗ , x3〉,
ω([x3 + α3, x4 + α4, x1 + α1], x2 + α2)
= 〈[α3, α4, α1]C , x2〉 − 〈α1, {x3, x4, x2}A〉 − 〈α3, {x4, x1, x2}A〉 − 〈α4, {x1, x3, x2}A〉
−〈α2, [x3, x4, x1]C〉+ 〈{α3, α4, α2}A∗ , x1〉+ 〈{α4, α1, α2}A∗ , x3〉+ 〈{α1, α3, α2}A∗ , x4〉,
ω([x4 + α4, x1 + α1, x2 + α2], x3 + α3)
= 〈[α4, α1, α2]C , x3〉 − 〈α2, {x4, x1, x3}A〉 − 〈α4, {x1, x2, x3}A〉 − 〈α1, {x2, x4, x3}A〉
−〈α3, [x4, x1, x2]C〉+ 〈{α4, α1, α3}A∗ , x2〉+ 〈{α1, α2, α3}A∗ , x4〉+ 〈{α2, α4, α3}A∗ , x1〉.
By {x1, x2, x3}A = −{x2, x1, x3}A and {α1, α2, α3}A∗ = −{α2, α1, α3}A∗ , we deduce that ω is a
symplectic structure on the 3-Lie algebra (A⊕A∗, [·, ·, ·]C). Therefore, it is a phase space.
Conversely, let (h⊕h∗, [·, ·, ·], ω) be a phase space of the 3-Lie algebra (h, [·, ·, ·]h). By Proposition
4.3, there exists a 3-pre-Lie algebra structure {·, ·, ·} on h ⊕ h∗ given by (20) such that (h ⊕
h∗, {·, ·, ·}, ω) is a quadratic 3-pre-Lie algebra. By Corollary 4.6, (h, {·, ·, ·}|h) and (h
∗, {·, ·, ·}|h∗)
are 3-pre-Lie subalgebras of (h⊕ h∗, {·, ·, ·}). It is obvious that both h and h∗ are isotropic. Thus,
we only need to show that (24) holds. By (23), for all x1, x2 ∈ h and α1, α2 ∈ h
∗, we have
ω({x1, x2, α1}, α2) = −ω(α1, [x1, x2, α2]C) = 0,
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which implies that {x1, x2, α1} ∈ h
∗. Similarly, we can show that the other conditions in (24) also
hold. The proof is finished.
Remark 4.12. The notions of a matched pair of 3-Lie algebras and a Manin triple of 3-Lie
algebras were introduced in [11]. By (29), we obtain that (Ac, A∗c;L∗,L∗) is a matched pair of
3-Lie algebras and the phase space is exactly the double of this matched pair. However, one should
note that a Manin triple of 3-pre-Lie algebras does not give rise to a Manin triple of 3-Lie algebras.
Remark 4.13. For pre-Lie algebras, there are equivalent description between Manin triples of pre-
Lie algebras, matched pairs of pre-Lie algebras associated to the dual representations of the regular
representations and pre-Lie bialgebras [8]. Here we only study Manin triples of 3-pre-Lie algebras,
which are closely related to phase spaces of 3-Lie algebras and para-Kähler 3-Lie algebras that
studied in Section 8. We postpone the study of matched pairs of 3-pre-Lie algebras and 3-pre-Lie
bialgebras in the future.
5 Product structures on 3-Lie algebras
In this section, we introduce the notion of a product structure on a 3-Lie algebra using the Nijenhuis
condition as the integrability condition. We find four special integrability conditions, each of them
gives a special decomposition of the original 3-Lie algebra. At the end of this section, we introduce
the notion of a (perfect) paracomplex structure on a 3-Lie algebra and give examples.
Definition 5.1. Let (g, [·, ·, ·]g) be a 3-Lie algebra. An almost product structure on the 3-Lie
algebra (g, [·, ·, ·]g) is a linear endomorphism E : g → g satisfying E
2 = Id (E 6= ±Id). An almost
product structure is called a product structure if the following integrability condition is satisfied:
E[x, y, z]g = [Ex,Ey,Ez]g + [Ex, y, z]g + [x,Ey, z]g + [x, y, Ez]g
−E[Ex,Ey, z]g − E[x,Ey,Ez]g − E[Ex, y, Ez]g. (30)
Remark 5.2. One can understand a product structure on a 3-Lie algebra as a Nijenhuis operator
E on a 3-Lie algebra satisfying E2 = Id.
Theorem 5.3. Let (g, [·, ·, ·]g) be a 3-Lie algebra. Then (g, [·, ·, ·]g) has a product structure if and
only if g admits a decomposition:
g = g+ ⊕ g−, (31)
where g+ and g− are subalgebras of g.
Proof. Let E be a product structure on g. By E2 = Id , we have g = g+ ⊕ g−, where g+ and g−
are the eigenspaces of g associated to the eigenvalues ±1. For all x1, x2, x3 ∈ g+, we have
E[x1, x2, x3]g = [Ex1, Ex2, Ex3]g + [Ex1, x2, x3]g + [x1, Ex2, x3]g + [x1, x2, Ex3]g
−E[Ex1, Ex2, x3]g − E[x1, Ex2, Ex3]g − E[Ex1, x2, Ex3]g
= 4[x1, x2, x3]g − 3E[x1, x2, x3]g.
Thus, we have [x1, x2, x3]g ∈ g+, which implies that g+ is a subalgebra. Similarly, we can show
that g− is a subalgebra.
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Conversely, we define a linear endomorphism E : g → g by
E(x+ α) = x− α, ∀x ∈ g+, α ∈ g−. (32)
Obviously we have E2 = Id. Since g+ is a subalgebra of g, for all x1, x2, x3 ∈ g+, we have
[Ex1, Ex2, Ex3]g + [Ex1, x2, x3]g + [x1, Ex2, x3]g + [x1, x2, Ex3]g
−E[Ex1, Ex2, x3]g − E[x1, Ex2, Ex3]g − E[Ex1, x2, Ex3]g
= 4[x1, x2, x3]g − 3E[x1, x2, x3]g = [x1, x2, x3]g
= E[x1, x2, x3]g,
which implies that (30) holds for all x1, x2, x3 ∈ g+. Similarly, we can show that (30) holds for all
x, y, z ∈ g. Therefore, E is a product structure on g.
Lemma 5.4. Let E be an almost product structure on a 3-Lie algebra (g, [·, ·, ·]g). If E satisfies
the following equation
E[x, y, z]g = [Ex, y, z]g, (33)
then E is a product structure on g such that [g+, g+, g−]g = 0 and [g−, g−, g+]g = 0, i.e. g is the
3-Lie algebra direct sum of g+ and g−.
Proof. By (33) and E2 = Id, we have
[Ex,Ey,Ez]g + [Ex, y, z]g + [x,Ey, z]g + [x, y, Ez]g
−E[Ex,Ey, z]g − E[x,Ey,Ez]g − E[Ex, y, Ez]g
= [Ex,Ey,Ez]g + E[x, y, z]g + [x,Ey, z]g + [x, y, Ez]g
−[E2x,Ey, z]g − [Ex,Ey,Ez]g − [E
2x, y, Ez]g
= E[x, y, z]g.
Thus, E is a product structure on g. For all x1, x2 ∈ g+, α1 ∈ g−, on one hand we have
E[α1, x1, x2]g = [Eα1, x1, x2]g = −[α1, x1, x2]g.
On the other hand, we have
E[α1, x1, x2]g = E[x1, x2, α1]g = [Ex1, x2, α1]g = [x1, x2, α1]g.
Thus, we obtain [g+, g+, g−]g = 0. Similarly, we have [g−, g−, g+]g = 0. The proof is finished.
Definition 5.5. (Integrability condition I) An almost product structure E on a 3-Lie algebra
(g, [·, ·, ·]g) is called a strict product structure if (33) holds.
Corollary 5.6. Let (g, [·, ·, ·]g) be a 3-Lie algebra. Then (g, [·, ·, ·]g) has a strict product structure
if and only if g admits a decomposition:
g = g+ ⊕ g−,
where g+ and g− are subalgebras of g such that [g+, g+, g−]g = 0 and [g−, g−, g+]g = 0.
Proof. We leave the details to readers.
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Lemma 5.7. Let E be an almost product structure on a 3-Lie algebra (g, [·, ·, ·]g). If E satisfies
the following equation
[x, y, z]g = −[x,Ey,Ez]g − [Ex, y, Ez]g − [Ex,Ey, z]g, (34)
then E is a product structure on g.
Proof. By (34) and E2 = Id, we have
[Ex,Ey,Ez]g + [Ex, y, z]g + [x,Ey, z]g + [x, y, Ez]g
−E[Ex,Ey, z]g − E[x,Ey,Ez]g − E[Ex, y, Ez]g
= −[Ex,E2y,E2z]g − [E
2x,Ey,E2z]g − [E
2x,E2y,Ez]g
+[Ex, y, z]g + [x,Ey, z]g + [x, y, Ez]g + E[x, y, z]g
= E[x, y, z]g.
Thus, E is a product structure on g.
Definition 5.8. (Integrability condition II) An almost product structure E on a 3-Lie algebra
(g, [·, ·, ·]g) is called an abelian product structure if (34) holds.
Corollary 5.9. Let (g, [·, ·, ·]g) be a 3-Lie algebra. Then (g, [·, ·, ·]g) has an abelian product structure
if and only if g admits a decomposition:
g = g+ ⊕ g−,
where g+ and g− are abelian subalgebras of g.
Proof. Let E be an abelian product structure on g. For all x1, x2, x3 ∈ g+, we have
[x1, x2, x3]g = −[Ex1, Ex2, x3]g − [x1, Ex2, Ex3]g − [Ex1, x2, Ex3]g
= −3[x1, x2, x3]g,
which implies that [x1, x2, x3]g = 0. Similarly, for all α1, α2, α3 ∈ g−, we also have [α1, α2, α3]g = 0.
Thus, both g+ and g− are abelian subalgebras.
Conversely, define a linear endomorphism E : g → g by (32). Then it is straightforward to
deduce that E is an abelian product structure on g.
Lemma 5.10. Let E be an almost product structure on a 3-Lie algebra (g, [·, ·, ·]g). If E satisfies
the following equation
[x, y, z]g = E[Ex, y, z]g + E[x,Ey, z]g + E[x, y, Ez]g, (35)
then E is an abelian product structure on g such that [g+, g+, g−]g ⊂ g+ and [g−, g−, g+]g ⊂ g−.
Proof. By (35) and E2 = Id, we have
[Ex,Ey,Ez]g + [Ex, y, z]g + [x,Ey, z]g + [x, y, Ez]g
−E[Ex,Ey, z]g − E[x,Ey,Ez]g − E[Ex, y, Ez]g
= E[x,Ey,Ez]g + E[Ex, y, Ez]g + E[Ex,Ey, z]g + E[x, y, z]g
−E[Ex,Ey, z]g − E[x,Ey,Ez]g − E[Ex, y, Ez]g
= E[x, y, z]g.
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Thus, we obtain that E is a product structure on g. For all x1, x2, x3 ∈ g+, by (35), we have
[x1, x2, x3]g = E[Ex1, x2, x3]g + E[x1, Ex2, x3]g + E[x1, x2, Ex3]g
= 3E[x1, x2, x3]g = 3[x1, x2, x3]g.
Thus, we obtain [g+, g+, g+]g = 0. Similarly, we have [g−, g−, g−]g = 0. By Corollary 5.9, E is an
abelian product structure on g. Moreover, for all x1, x2 ∈ g+, α1 ∈ g−, we have
[x1, x2, α1]g = E[Ex1, x2, α1]g + E[x1, Ex2, α1]g + E[x1, x2, Eα1]g
= E[x1, x2, α1]g,
which implies that [g+, g+, g−]g ⊂ g+. Similarly, we have [g−, g−, g+]g ⊂ g−.
Definition 5.11. (Integrability condition III) An almost product structure E on a 3-Lie
algebra (g, [·, ·, ·]g) is called a strong abelian product structure if (35) holds.
Corollary 5.12. Let (g, [·, ·, ·]g) be a 3-Lie algebra. Then (g, [·, ·, ·]g) has a strong abelian product
structure if and only if g admits a decomposition:
g = g+ ⊕ g−,
where g+ and g− are abelian subalgebras of g such that [g+, g+, g−]g ⊂ g+ and [g−, g−, g+]g ⊂ g−.
Remark 5.13. Let E be a strong abelian product structure on a 3-Lie algebra (g, [·, ·, ·]g). Then
we can define ν+ : g+ −→ Hom(∧
2g−, g−) and ν− : g− −→ Hom(∧
2g+, g+) by
ν+(x)(α, β) = [α, β, x]g, ν−(α)(x, y) = [x, y, α]g, ∀x, y ∈ g+, α, β ∈ g−.
It turns out ν+ and ν− are generalized representations of abelian 3-Lie algebras g+ and g− on g−
and g+ respectively. See [30] for more details about generalized representations of 3-Lie algebras.
More surprisingly, a strong abelian product structure is an O-operator as well as a Rota-Baxter
operator [10, 34]. Thus, some O-operators and Rota-Baxter operators on 3-Lie algebras can serve
as integrability conditions.
Proposition 5.14. Let E be an almost product structure on a 3-Lie algebra (g, [·, ·, ·]g). Then
E is a strong abelian structure on g if and only if E is an O-operator associated to the adjoint
representation (g, ad). Furthermore, there exists a compatible 3-pre-Lie algebra (g, {·, ·, ·}) on the
3-Lie algebra (g, [·, ·, ·]g), here the 3-pre-Lie algebra structure on g is given by
{x, y, z} = E[x, y, Ez]g, ∀x, y, z ∈ g. (36)
Proof. By (35), for all x, y, z ∈ g we have
[Ex,Ey,Ez]g = E[E
2x,Ey,Ez]g + E[Ex,E
2y,Ez]g + E[Ex,Ey,E
2z]g
= E(adEx,Eyz + adEy,Ezx+ adEz,Exy).
Thus, E is an O-operator associated to the adjoint representation (g, ad).
Conversely, if for all x, y, z ∈ g, we have
[Ex,Ey,Ez]g = E(adEx,Eyz + adEy,Ezx+ adEz,Exy)
= E([Ex,Ey, z]g + [x,Ey,Ez]g + [Ex, y, Ez]g),
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then [x, y, z]g = E[x, y, Ez]g+E[Ex, y, z]g+E[x,Ey, z]g by E
−1 = E. Thus, E is a strong abelian
structure on g.
Furthermore, by E−1 = E and Proposition 2.10, there exists a compatible 3-pre-Lie algebra on
g given by {x, y, z} = Eadx,yE
−1(z) = E[x, y, Ez]g. The proof is finished.
There is a new phenomenon that an involutive automorphism of a 3-Lie algebra also serves as
an integrability condition.
Lemma 5.15. Let E be an almost product structure on a 3-Lie algebra (g, [·, ·, ·]g). If E satisfies
the following equation
E[x, y, z]g = [Ex,Ey,Ez]g, (37)
then E is a product structure on g such that
[g+, g+, g−]g ⊂ g−, [g−, g−, g+]g ⊂ g+. (38)
Proof. By (37) and E2 = Id, we have
[Ex,Ey,Ez]g + [Ex, y, z]g + [x,Ey, z]g + [x, y, Ez]g
−E[Ex,Ey, z]g − E[x,Ey,Ez]g − E[Ex, y, Ez]g
= E[x, y, z]g + [Ex, y, z]g + [x,Ey, z]g + [x, y, Ez]g
−[E2x,E2y,Ez]g − [Ex,E
2y,E2z]g − [E
2x,Ey,E2z]g
= E[x, y, z]g.
Thus, E is a product structure on g. Moreover, for all x1, x2 ∈ g+, α1 ∈ g−, we have
E[x1, x2, α1]g = [Ex1, Ex2, Eα1]g = −[x1, x2, α1]g,
which implies that [g+, g+, g−]g ⊂ g−. Similarly, we have [g−, g−, g+]g ⊂ g+.
Definition 5.16. (Integrability condition IV) An almost product structure E on a 3-Lie alge-
bra (g, [·, ·, ·]g) is called a perfect product structure if (37) holds.
Corollary 5.17. Let (g, [·, ·, ·]g) be a 3-Lie algebra. Then (g, [·, ·, ·]g) has a perfect product structure
if and only if g admits a decomposition:
g = g+ ⊕ g−,
where g+ and g− are subalgebras of g such that [g+, g+, g−]g ⊂ g− and [g−, g−, g+]g ⊂ g+.
Proof. We leave the details to readers.
Corollary 5.18. A strict product structure on a 3-Lie algebra is a perfect product structure.
Remark 5.19. Let E be a product structure on a 3-Lie algebra (g, [·, ·, ·]g). By Theorem 5.3, g+
and g− are subalgebras. However, the brackets of mixed terms are very complicated. But a perfect
product structure E on (g, [·, ·, ·]g) ensures [g+, g+, g−]g ⊂ g− and [g−, g−, g+]g ⊂ g+. Note that
this is exactly the condition required in the definition of a matched pair of 3-Lie algebras [11]. Thus,
E is a perfect product structure if and only if (g+, g−) is a matched pair of 3-Lie algebras. This
type of product structures are very important in our later studies.
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Definition 5.20. (i) A paracomplex structure on a 3-Lie algebra (g, [·, ·, ·]g) is a product
structure E on g such that the eigenspaces of g associated to the eigenvalues ±1 have the
same dimension, i.e. dim(g+) = dim(g−).
(i) A perfect paracomplex structure on a 3-Lie algebra (g, [·, ·, ·]g) is a perfect product struc-
ture E on g such that the eigenspaces of g associated to the eigenvalues ±1 have the same
dimension, i.e. dim(g+) = dim(g−).
Proposition 5.21. Let (A, {·, ·, ·}) be a 3-pre-Lie algebra. Then, on the semidirect product 3-Lie
algebra Ac ⋉L∗ A
∗, there is a perfect paracomplex structure E : Ac ⋉L∗ A
∗ → Ac ⋉L∗ A
∗ given by
E(x + α) = x− α, ∀x ∈ Ac, α ∈ A∗. (39)
Proof. It is obvious that E2 = Id. Moreover, we have (Ac⋉L∗ A
∗)+ = A, (A
c⋉L∗ A
∗)− = A
∗ and
they are two subalgebras of the semidirect product 3-Lie algebra Ac⋉L∗ A
∗. By Theorem 5.3, E is
a product structure on Ac ⋉L∗ A
∗. Since A and A∗ have the same dimension, E is a paracomplex
structure on Ac ⋉L∗ A
∗. It is obvious that E is perfect.
At the end of this section, we give some examples of product structures.
Example 5.22. There is a unique non-trivial 3-dimensional 3-Lie algebra. It has a basis {e1, e2, e3}
with respect to which the non-zero product is given by
[e1, e2, e3] = e1.
Then E =


1 0 0
0 1 0
0 0 −1

 and E =


1 0 0
0 −1 0
0 0 1

 are strong abelian product structures and
E =


−1 0 0
0 1 0
0 0 1

 is a perfect product structure.
Example 5.23. Consider the 4-dimensional Euclidean 3-Lie algebra A4 given in Example 4.2.
Then
E1 =


1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

 , E2 =


1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 −1

 , E3 =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1

 ,
E4 =


−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1

 , E5 =


−1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1

 , E6 =


−1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 1


are perfect and abelian product structures.
6 Complex structures on 3-Lie algebras
In this section, we introduce the notion of a complex structure on a real 3-Lie algebra using the
Nijenhuis condition as the integrability condition. Parallel to the case of product structures, we
also find four special integrability conditions.
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Definition 6.1. Let (g, [·, ·, ·]g) be a real 3-Lie algebra. An almost complex structure on g is
a linear endomorphism J : g → g satisfying J2 = −Id. An almost complex structure is called a
complex structure if the following integrability condition is satisfied:
J [x, y, z]g = −[Jx, Jy, Jz]g + [Jx, y, z]g + [x, Jy, z]g + [x, y, Jz]g
+J [Jx, Jy, z]g + J [x, Jy, Jz]g + J [Jx, y, Jz]g. (40)
Remark 6.2. One can understand a complex structure on a 3-Lie algebra as a Nijenhuis operator
J on a 3-Lie algebra satisfying J2 = −Id.
Remark 6.3. One can also use definition 6.1 to define the notion of a complex structure on a
complex 3-Lie algebra, considering J to be C-linear. However, this is not very interesting since
for a complex 3-Lie algebra, there is a one-to-one correspondence between such C-linear complex
structures and product structures (see Proposition 7.1).
Consider gC = g⊗R C ∼= {x+ iy|x, y ∈ g}, the complexification of the real Lie algebra g, which
turns out to be a complex 3-Lie algebra by extending the 3-Lie bracket on g complex trilinearly,
and we denote it by (gC, [·, ·, ·]gC). We have an equivalent description of the integrability condition
given in Definition 6.1. We denote by σ the conjugation in gC with respect to the real form g, that
is, σ(x + iy) = x − iy, x, y ∈ g. Then, σ is a complex antilinear, involutive automorphism of the
complex vector space gC.
Theorem 6.4. Let (g, [·, ·, ·]g) be a real 3-Lie algebra. Then g has a complex structure if and only
if gC admits a decomposition:
gC = q⊕ p, (41)
where q and p = σ(q) are complex subalgebras of gC.
Proof. We extend the complex structure J complex linearly, which is denoted by JC, i.e. JC :
gC −→ gC is defined by
JC(x+ iy) = Jx+ iJy, ∀x, y ∈ g. (42)
Then JC is a complex linear endomorphism on gC satisfying J
2
C
= −Id and the integrability condi-
tion (40) on gC. Denote by g±i the corresponding eigenspaces of gC associated to the eigenvalues
±i and there holds:
gC = gi ⊕ g−i.
It is straightforward to see that gi = {x− iJx|x ∈ g} and g−i = {x + iJx|x ∈ g}. Therefore, we
have g−i = σ(gi).
For all X,Y, Z ∈ gi, we have
JC[X,Y, Z]gC = −[JCX, JCY, JCZ]gC + [JCX,Y, Z]gC + [X, JCY, Z]gC + [X,Y, JCZ]gC
+JC[JCX, JCY, Z]gC + JC[X, JCY, JCZ]gC + JC[JCX,Y, JCZ]gC
= 4i[X,Y, Z]gC − 3JC[X,Y, Z]gC .
Thus, we have [X,Y, Z]gC ∈ gi, which implies that gi is a subalgebra. Similarly, we can show that
g−i is also a subalgebra.
Conversely, we define a complex linear endomorphism JC : gC → gC by
JC(X + σ(Y )) = iX − iσ(Y ), ∀X,Y ∈ q. (43)
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Since σ is a complex antilinear, involutive automorphism of gC, we have
J2C(X + σ(Y )) = JC(iX − iσ(Y )) = JC(iX + σ(iY )) = i(iX)− iσ(iY ) = −X − σ(Y ),
i.e. J2
C
= −Id. Since q is a subalgebra of gC, for all X,Y, Z ∈ q, we have
−[JCX, JCY, JCZ]gC + [JCX,Y, Z]gC + [X, JCY, Z]gC + [X,Y, JCZ]gC
+JC[JCX, JCY, Z]gC + JC[X, JCY, JCZ]gC + JC[JCX,Y, JCZ]gC
= 4i[X,Y, Z]gC − 3JC[X,Y, Z]gC = i[X,Y, Z]gC
= JC[X,Y, Z]gC ,
which implies that JC satisfies (40) for all X,Y, Z ∈ q. Similarly, we can show that JC satisfies (40)
for all X ,Y,Z ∈ gC. Since gC = q⊕ p, we can write X ∈ gC as X = X + σ(Y ), for some X,Y ∈ q.
Since σ is a complex antilinear, involutive automorphism of gC, we have
(JC ◦ σ)(X + σ(Y )) = JC(Y + σ(X)) = iY − iσ(X) = σ(iX − iσ(Y )) = (σ ◦ JC)(X + σ(Y )),
which implies that JC ◦ σ = σ ◦ JC. Moreover, since σ(X ) = X is equivalent to X ∈ g, we deduce
that the set of fixed points of σ is the real vector space g. By JC ◦σ = σ ◦JC, there is a well-defined
J ∈ gl(g) given by
J , JC|g.
Follows from that JC satisfies (40) and J
2
C
= −Id on gC, J is a complex structure on g.
Lemma 6.5. Let J be an almost complex structure on a real 3-Lie algebra (g, [·, ·, ·]g). If J satisfies
J [x, y, z]g = [Jx, y, z]g, ∀x, y, z ∈ g, (44)
then J is a complex structure on (g, [·, ·, ·]g).
Proof. By (44) and J2 = −Id, we have
−[Jx, Jy, Jz]g + [Jx, y, z]g + [x, Jy, z]g + [x, y, Jz]g
+J [Jx, Jy, z]g + J [x, Jy, Jz]g + J [Jx, y, Jz]g
= −[Jx, Jy, Jz]g + J [x, y, z]g + [x, Jy, z]g + [x, y, Jz]g
+[J2x, Jy, z]g + [Jx, Jy, Jz]g + [J
2x, y, Jz]g
= J [x, y, z]g.
Thus, we obtain that J is a complex structure on g.
Definition 6.6. (Integrability condition I) An almost complex structure J on a real 3-Lie
algebra (g, [·, ·, ·]g) is called a strict complex structure if (44) holds.
Corollary 6.7. Let (g, [·, ·, ·]g) be a real 3-Lie algebra. Then there is a strict complex structure on
(g, [·, ·, ·]g) if and only if gC admits a decomposition:
gC = q⊕ p, (45)
where q and p = σ(q) are complex subalgebras of gC such that [q, q, p]gC = 0 and [p, p, q]gC = 0, i.e.
gC is a 3-Lie algebra direct sum of q and p.
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Proof. Let J be a strict complex structure on a real 3-Lie algebra (g, [·, ·, ·]g). Then, JC is a strict
complex structure on the complex 3-Lie algebra (gC, [·, ·, ·]gC). For all X,Y ∈ gi and σ(Z) ∈ g−i,
on one hand we have
JC[X,Y, σ(Z)]gC = [JCX,Y, σ(Z)]gC = i[X,Y, σ(Z)]gC .
On the other hand, we have
JC[X,Y, σ(Z)]gC = JC[σ(Z), X, Y ]gC = [JCσ(Z), X, Y ]gC = −i[σ(Z), X, Y ]gC .
Thus, we obtain [gi, gi, g−i]gC = 0. Similarly, we can show [g−i, g−i, gi]gC = 0.
Conversely, define a complex linear endomorphism JC : gC → gC by (43). Then it is straight-
forward to deduce that J2
C
= −Id. Since q is a subalgebra of gC, for all X,Y, Z ∈ q, we have
JC[X,Y, Z]gC = i[X,Y, Z]gC = [JCX,Y, Z]gC ,
which implies that JC satisfies (44) for all X,Y, Z ∈ q. Similarly, we can show that JC satisfies (44)
for all X ,Y,Z ∈ gC. By the proof of Theorem 6.4, we obtain that J , JC|g is a strict complex
structure on the real 3-Lie algebra (g, [·, ·, ·]g). The proof is finished.
Let J be an almost complex structure on a real 3-Lie algebra (g, [·, ·, ·]g). We can define a
complex vector space structure on the real vector space g by
(a+ bi)x , ax+ bJx, ∀a, b ∈ R, x ∈ g. (46)
Define two maps ϕ : g → gi and ψ : g → g−i as following:
ϕ(x) =
1
2
(x− iJx),
ψ(x) =
1
2
(x+ iJx).
It is straightforward to deduce that ϕ is complex linear isomorphism and ψ = σ ◦ ϕ is a complex
antilinear isomorphism between complex vector spaces.
Let J be a strict complex structure on a real 3-Lie algebra (g, [·, ·, ·]g). Then with the complex
vector space structure defined above, (g, [·, ·, ·]g) is a complex 3-Lie algebra. In fact, the fact that
the 3-Lie bracket is complex trilinear follows from
[(a+ bi)x, y, z]g = [ax+ bJx, y, z]g = a[x, y, z]g + b[Jx, y, z]g
= a[x, y, z]g + bJ [x, y, z]g = (a+ bi)[x, y, z]g
using (44) and (46).
Let J be a complex structure on g. Define a new bracket [·, ·, ·]J : ∧
3g → g by
[x, y, z]J ,
1
4
([x, y, z]g − [x, Jy, Jz]g − [Jx, y, Jz]g − [Jx, Jy, z]g), ∀x, y, z ∈ g. (47)
Proposition 6.8. Let J be a complex structure on a real 3-Lie algebra (g, [·, ·, ·]g). Then (g, [·, ·, ·]J )
is a real 3-Lie algebra. Moreover, J is a strict complex structure on (g, [·, ·, ·]J ) and the correspond-
ing complex 3-Lie algebra (g, [·, ·, ·]J ) is isomorphic to the complex 3-Lie algebra gi.
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Proof. One can show that (g, [·, ·, ·]J ) is a real 3-Lie algebra directly. Here we use a different
approach to prove this result. By (40), for all x, y, z ∈ g, we have
[ϕ(x), ϕ(y), ϕ(z)]gC =
1
8
[x− iJx, y − iJy, z − iJz]gC
=
1
8
([x, y, z]g − [x, Jy, Jz]g − [Jx, y, Jz]g − [Jx, Jy, z]g)
−
1
8
i([x, y, Jz]g + [x, Jy, z]g + [Jx, y, z]g − [Jx, Jy, Jz]g)
=
1
8
([x, y, z]g − [x, Jy, Jz]g − [Jx, y, Jz]g − [Jx, Jy, z]g)
−
1
8
iJ([x, y, z]g − [x, Jy, Jz]g − [Jx, y, Jz]g − [Jx, Jy, z]g)
= ϕ[x, y, z]J . (48)
Thus, we have [x, y, z]J = ϕ
−1[ϕ(x), ϕ(y), ϕ(z)]gC . Since J is a complex structure, gi is a 3-Lie
subalgebra. Therefore, (g, [·, ·, ·]J) is a real 3-Lie algebra.
By (40), for all x, y, z ∈ g, we have
J [x, y, z]J =
1
4
J([x, y, z]g − [x, Jy, Jz]g − [Jx, y, Jz]g − [Jx, Jy, z]g)
=
1
4
(−[Jx, Jy, Jz]g + [Jx, y, z]g + [x, Jy, z]g + [x, y, Jz]g)
= [Jx, y, z]J ,
which implies that J is a strict complex structure on (g, [·, ·, ·]J ). By (48), ϕ is a complex 3-Lie
algebra isomorphism. The proof is finished.
Proposition 6.9. Let J be a complex structure on a real 3-Lie algebra (g, [·, ·, ·]g). Then J is a
strict complex structure on (g, [·, ·, ·]g) if and only if [·, ·, ·]J = [·, ·, ·]g.
Proof. If J is a strict complex structure on (g, [·, ·, ·]g), by J [x, y, z]g = [Jx, y, z]g, we have
[x, y, z]J =
1
4
([x, y, z]g − [x, Jy, Jz]g − [Jx, y, Jz]g − [Jx, Jy, z]g) = [x, y, z]g.
Conversely, if [·, ·, ·]J = [·, ·, ·]g, we have
−3[x, y, z]g = [x, Jy, Jz]g + [Jx, y, Jz]g + [Jx, Jy, z]g.
Then by the integrability condition of J , we obtain
4J [x, y, z]J = −[Jx, Jy, Jz]g + [Jx, y, z]g + [x, Jy, z]g + [x, y, Jz]g
= 3[Jx, y, z]g + [Jx, y, z]g
= 4[Jx, y, z]g,
which implies that J [x, y, z]g = [Jx, y, z]g. The proof is finished.
Lemma 6.10. Let J be an almost complex structure on a real 3-Lie algebra (g, [·, ·, ·]g). If J
satisfies the following equation
[x, y, z]g = [x, Jy, Jz]g + [Jx, y, Jz]g + [Jx, Jy, z]g, (49)
Then, J is a complex structure on g.
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Proof. By (49) and J2 = −Id, we have
−[Jx, Jy, Jz]g + [Jx, y, z]g + [x, Jy, z]g + [x, y, Jz]g
+J [Jx, Jy, z]g + J [x, Jy, Jz]g + J [Jx, y, Jz]g
= −[Jx, J2y, J2z]g − [J
2x, Jy, J2z]g − [J
2x, J2y, Jz]g
+[Jx, y, z]g + [x, Jy, z]g + [x, y, Jz]g + J [x, y, z]g
= J [x, y, z]g.
Thus, we obtain that J is a complex structure on g.
Definition 6.11. (Integrability condition II) An almost complex structure J on a real 3-Lie
algebra (g, [·, ·, ·]g) is called an abelian complex structure if (49) holds.
Remark 6.12. Let J be an abelian complex structure on a real 3-Lie algebra (g, [·, ·, ·]g). Then
(g, [·, ·, ·]J ) is an abelian 3-Lie algebra.
Corollary 6.13. Let (g, [·, ·, ·]g) be a real 3-Lie algebra. Then g has an abelian complex structure
if and only if gC admits a decomposition:
gC = q⊕ p,
where q and p = σ(q) are complex abelian subalgebras of gC.
Proof. Let J be an abelian complex structure on g. By Proposition 6.8, we obtain that ϕ is a
complex 3-Lie algebra isomorphism from (g, [·, ·, ·]J ) to (gi, [·, ·, ·]gC). Since J is abelian, (g, [·, ·, ·]J )
is an abelian 3-Lie algebra. Therefore, q = gi is an abelian subalgebra of gC. Since p = g−i = σ(gi),
for all x1 + iy1, x2 + iy2, x3 + iy3 ∈ gi, we have
[σ(x1 + iy1), σ(x2 + iy2), σ(x3 + iy3)]gC
= [x1 − iy1, x2 − iy2, x3 − iy3]gC
= ([x1, x2, x3]g − [x1, y2, y3]g − [y1, x2, y3]g − [y1, y2, x3]g)
−i([x1, x2, y3]g + [x1, y2, x3]g + [y1, x2, x3]g − [y1, y2, y3]g)
= σ[x1 + iy1, x2 + iy2, x3 + iy3]gC
= 0.
Thus, p is an abelian subalgebra of gC.
Conversely, by Theorem 6.4, there is a complex structure J on g. Moreover, by Proposition 6.8,
we have a complex 3-Lie algebra isomorphism ϕ from (g, [·, ·, ·]J ) to (q, [·, ·, ·]gC). Thus, (g, [·, ·, ·]J )
is an abelian 3-Lie algebra. By the definition of [·, ·, ·]J , we obtain that J is an abelian complex
structure on g. The proof is finished.
Lemma 6.14. Let J be an almost complex structure on a real 3-Lie algebra (g, [·, ·, ·]g). If J
satisfies the following equation
[x, y, z]g = −J [Jx, y, z]g − J [x, Jy, z]g − J [x, y, Jz]g, (50)
then J is a complex structure on g.
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Proof. By (50) and J2 = −Id, we have
−[Jx, Jy, Jz]g + [Jx, y, z]g + [x, Jy, z]g + [x, y, Jz]g
+J [Jx, Jy, z]g + J [x, Jy, Jz]g + J [Jx, y, Jz]g
= J [J2x, Jy, Jz]g + J [Jx, J
2y, Jz]g + J [Jx, Jy, J
2z]g + J [x, y, z]g
+J [Jx, Jy, z]g + J [x, Jy, Jz]g + J [Jx, y, Jz]g
= J [x, y, z]g.
Thus, J is a complex structure on g.
Definition 6.15. (Integrability condition III) An almost complex structure J on a real 3-Lie
algebra (g, [·, ·, ·]g) is called a strong abelian complex structure if (50) holds.
Corollary 6.16. Let (g, [·, ·, ·]g) be a real 3-Lie algebra. Then g has a strong abelian complex
structure if and only if gC admits a decomposition:
gC = q⊕ p,
where q and p = σ(q) are abelian complex subalgebras of gC such that [q, q, p]gC ⊂ q and [p, p, q]gC ⊂
p.
Parallel to the case of strong abelian product structures on a 3-Lie algebra, strong abelian
complex structures on a 3-Lie algebra are also O-operators associated to the adjoint representation.
Proposition 6.17. Let J be an almost complex structure on a real 3-Lie algebra (g, [·, ·, ·]g). Then
J is a strong abelian complex structure on a 3-Lie algebra (g, [·, ·, ·]g) if and only if −J is an O-
operator on (g, [·, ·, ·]g) associated to the adjoint representation (g, ad). Furthermore, there exists a
compatible 3-pre-Lie algebra (g, {·, ·, ·}) on the 3-Lie algebra (g, [·, ·, ·]g), here the 3-pre-Lie algebra
structure on g is given by
{x, y, z} = −J [x, y, Jz]g, ∀x, y, z ∈ g. (51)
Proof. By (50), for all x, y, z ∈ g we have
[−Jx,−Jy,−Jz]g = J [J
2x, Jy, Jz]g + J [Jx, J
2y, Jz]g + J [Jx, Jy, J
2z]g
= −J(ad−Jx,−Jyz + ad−Jy,−Jzx+ ad−Jz,−Jxy).
Thus, −J is an O-operator associated to the adjoint representation (g, ad).
Conversely, if for all x, y, z ∈ g, we have
[−Jx,−Jy,−Jz]g = −J(ad−Jx,−Jyz + ad−Jy,−Jzx+ ad−Jz,−Jxy)
= −J([−Jx,−Jy, z]g + [x,−Jy,−Jz]g + [−Jx, y,−Jz]g),
then we obtain [x, y, z]g = −J [x, y, Jz]g − J [Jx, y, z]g − J [x, Jy, z]g by (−J)
−1 = J .
Furthermore, by (−J)−1 = J and Proposition 2.10, there exists a compatible 3-pre-Lie algebra
on g given by {x, y, z} = −Jadx,y(−J
−1(z)) = −J [x, y, Jz]g. The proof is finished.
Lemma 6.18. Let J be an almost complex structure on a real 3-Lie algebra (g, [·, ·, ·]g). If J
satisfies the following equation
J [x, y, z]g = −[Jx, Jy, Jz]g, (52)
then J is a complex structure on g.
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Proof. By (52) and J2 = Id, we have
−[Jx, Jy, Jz]g + [Jx, y, z]g + [x, Jy, z]g + [x, y, Jz]g
+J [Jx, Jy, z]g + J [x, Jy, Jz]g + J [Jx, y, Jz]g
= J [x, y, z]g + [Jx, y, z]g + [x, Jy, z]g + [x, y, Jz]g
−[J2x, J2y, Jz]g − [Jx, J
2y, J2z]g − [J
2x, Jy, J2z]g
= J [x, y, z]g.
Thus, J is a complex structure on g.
Definition 6.19. (Integrability condition IV) An almost complex structure J on a real 3-Lie
algebra (g, [·, ·, ·]g) is called a perfect complex structure if (52) holds.
Corollary 6.20. Let (g, [·, ·, ·]g) be a real 3-Lie algebra. Then g has a perfect complex structure if
and only if gC admits a decomposition:
gC = q⊕ p,
where q and p = σ(q) are complex subalgebras of gC such that [q, q, p]gC ⊂ p and [p, p, q]gC ⊂ q.
Corollary 6.21. Let J be a strict complex structure on a real 3-Lie algebra (g, [·, ·, ·]g). Then J
is a perfect complex structure on g.
Example 6.22. Consider the 4-dimensional Euclidean 3-Lie algebra A4 given in Example 4.2.
Then
J1 =


0 0 −1 0
0 0 0 −1
1 0 0 0
0 1 0 0

 , J2 =


0 −1 0 0
1 0 0 0
0 0 0 −1
0 0 1 0

 , J3 =


0 −1 0 0
1 0 0 0
0 0 0 1
0 0 −1 0

 ,
J4 =


0 1 0 0
−1 0 0 0
0 0 0 −1
0 0 1 0

 , J5 =


0 1 0 0
−1 0 0 0
0 0 0 1
0 0 −1 0

 , J6 =


0 0 1 0
0 0 0 1
−1 0 0 0
0 −1 0 0


are abelian complex structures. Moreover, J1, J6 are strong abelian complex structures and
J2, J3, J4, J5 are perfect complex structures.
7 Complex product structures on 3-Lie algebras
In this section, we add a compatibility condition between a complex structure and a product
structure on a 3-Lie algebra to introduce the notion of a complex product structure. We construct
complex product structures using 3-pre-Lie algebras. First we illustrate the relation between a
complex structure and a product structure on a complex 3-Lie algebra.
Proposition 7.1. Let (g, [·, ·, ·]g) be a complex 3-Lie algebra. Then E is a product structure on g
if and only if J = iE is a complex structure on g.
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Proof. Let E be a product structure on g. We have J2 = i2E2 = −Id. Thus, J is an almost
complex structure on g. Since E satisfies the integrability condition (30), we have
J [x, y, z]g = iE[x, y, z]g
= −[iEx, iEy, iEz]g + [iEx, y, z]g + [x, iEy, z]g + [x, y, iEz]g
+iE[iEx, iEy, z]g + iE[x, iEy, iEz]g + iE[iEx, y, iEz]g.
Thus, J is a complex structure on the complex 3-Lie algebra g.
The converse part can be proved similarly and we omit details.
Corollary 7.2. Let J be a complex structure on a real 3-Lie algebra (g, [·, ·, ·]g). Then, −iJC is a
paracomplex structure on the complex 3-Lie algebra (gC, [·, ·, ·]gC), where JC is defined by (42).
Proof. By Theorem 6.4, gC = gi ⊕ g−i and g−i = σ(gi), where gi and g−i are subalgebras of gC.
It is obvious that dim(gi) = dim(g−i). By Proposition 5.3, there is a paracomplex structure on gC.
On the other hand, it is obvious that JC is a complex structure on gC. By Proposition 7.1, −iJC
a product structure on the complex 3-Lie algebra (gC, [·, ·, ·]gC). It is straightforward to see that
gi and g−i are eigenspaces of −iJC corresponding to +1 and −1. Thus, −iJC is a paracomplex
structure.
Definition 7.3. Let (g, [·, ·, ·]g) be a real 3-Lie algebra. A complex product structure on the
3-Lie algebra g is a pair {J,E} of a complex structure J and a product structure E satisfying
J ◦ E = −E ◦ J. (53)
If E is perfect, we call {J,E} a perfect complex product structure on g.
Remark 7.4. Let {J,E} be a complex product structure on a real 3-Lie algebra (g, [·, ·, ·]g). For
all x ∈ g+, by (53), we have E(Jx) = −Jx, which implies that J(g+) ⊂ g−. Analogously, we
obtain J(g−) ⊂ g+. Thus, we get J(g−) = g+ and J(g+) = g−. Therefore, dim(g+) = dim(g−)
and E is a paracomplex structure on g.
Theorem 7.5. Let (g, [·, ·, ·]g) be a real 3-Lie algebra (g, [·, ·, ·]g). Then the following statements
are equivalent:
(i) g has a complex product structure;
(ii) g has a complex structure J and can be decomposed as g = g+ ⊕ g−, where g+, g− are 3-Lie
subalgebras of g and g− = Jg+.
Proof. Let {J,E} be a complex product structure and let g± denote the eigenspaces corresponding
to the eigenvalues ±1 of E. By Theorem 5.3, both g+ and g− are 3-Lie subalgebras of g and
J ◦ E = −E ◦ J implies g− = Jg+.
Conversely, we can define a linear map E : g → g by
E(x+ α) = x− α, ∀x ∈ g+, α ∈ g−.
By Theorem 5.3, E is a product structure on g. By g− = Jg+ and J
2 = −Id, we have
E(J(x + α)) = E(J(x) + J(α)) = −J(x) + J(α) = −J(E(x+ α)).
Thus, {J,E} is a complex product structure on g. The proof is finished.
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Example 7.6. Consider the product structures and the complex structures on the 4-dimensional
Euclidean 3-Lie algebra A4 given in Example 5.23 and Example 6.22 respectively. Then {Ji, Ei}
for i = 1, 2, 3, 4, 5, 6 are complex product structures on A4.
We give a characterization of a perfect complex product structure on a 3-Lie algebra.
Proposition 7.7. Let E be a perfect paracomplex structure on a real 3-Lie algebra (g, [·, ·, ·]g).
Then there is a perfect complex product structure {J,E} on g if and only if there exists a linear
isomorphism φ : g+ → g− satisfying the following equation
φ[x, y, z]g = −[φ(x), φ(y), φ(z)]g + [φ(x), y, z]g + [x, φ(y), z]g + [x, y, φ(z)]g
+φ[φ(x), φ(y), z]g + φ[x, φ(y), φ(z)]g + φ[φ(x), y, φ(z)]g, ∀x, y, z ∈ g+. (54)
Proof. Let {J,E} be a perfect complex product structure on g. Define a linear isomorphism
φ : g+ → g− by φ , J |g+ : g+ → g−. By the compatibility condition (40) that the complex
structure J satisfies and the coherence condition (38) that a perfect product structure E satisfies,
we deduce that (54) holds.
Conversely, we define an endomorphism J of g by
J(x+ α) = −φ−1(α) + φ(x), ∀x ∈ g+, α ∈ g−. (55)
It is obvious that J is an almost complex structure on g and J ◦E = −E ◦ J . For all α, β, γ ∈ g−,
let x, y, z ∈ g+ such that φ(x) = α, φ(y) = β and φ(z) = γ. By (54) and (38), we have
−[Jα, Jβ, Jγ]g + [Jα, β, γ]g + [α, Jβ, γ]g + [α, β, Jγ]g
+J [Jα, Jβ, γ]g + J [α, Jβ, Jγ]g + J [Jα, β, Jγ]g
= [x, y, z]g − [x, φ(y), φ(z)]g − [φ(x), y, φ(z)]g − [φ(x), φ(y), z]g
−φ−1[x, y, φ(z)]g − φ
−1[φ(x), y, z]g − φ
−1[x, φ(y), z]g
= −φ−1[φ(x), φ(y), φ(z)]g
= J [α, β, γ]g,
which implies that (40) holds for all α, β, γ ∈ g−. Similarly, we can deduce that (40) holds for all
the other cases. Thus, J is a complex structure and {J,E} is a perfect complex product structure
on the 3-Lie algebra g.
At the end of this section, we construct perfect complex product structure using 3-pre-Lie
algebras.
A nondegenerate symmetric bilinear form B ∈ A∗ ⊗ A∗ on a real 3-pre-Lie algebra (A, {·, ·, ·})
is called invariant if
B({x, y, z}, w) = −B(z, {x, y, w}), ∀x, y, z, w ∈ A. (56)
Then B induces a linear isomorphism B♯ : A → A∗ by
〈B♯(x), y〉 = B(x, y), ∀x, y ∈ A. (57)
Proposition 7.8. Let (A, {·, ·, ·}) be a real 3-pre-Lie algebra with a nondegenerate symmetric
bilinear from B. Then there is a perfect complex product structure {J,E} on the semidirect product
3-Lie algebra Ac⋉L∗ A
∗, where E is given by (39) and the complex structure J is given as follows:
J(x+ α) = −B♯
−1
(α) + B♯(x), ∀x ∈ A,α ∈ A∗. (58)
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Proof. By Proposition 5.21, E is a perfect product structure on Ac ⋉L∗ A
∗. For all x, y, z ∈ Ac,
we have
−[B♯(x),B♯(y),B♯(z)]L∗ + [B
♯(x), y, z]L∗ + [x,B
♯(y), z]L∗ + [x, y,B
♯(z)]L∗
+B♯[B♯(x),B♯(y), z]L∗ + B
♯[x,B♯(y),B♯(z)]L∗ + B
♯[B♯(x), y,B♯(z)]L∗
= [B♯(x), y, z]L∗ + [x,B
♯(y), z]L∗ + [x, y,B
♯(z)]L∗
= L∗(x, y)B♯(z) + L∗(y, z)B♯(x) + L∗(z, x)B♯(y).
By (56), we have
〈B♯[x, y, z]C , w〉 = 〈B
♯{x, y, z}, w〉+ 〈B♯{y, z, x}, w〉+ 〈B♯{z, x, y}, w〉
= B({x, y, z}, w) + B({y, z, x}, w) + B({z, x, y}, w)
= −B(z, {x, y, w})− B(x, {y, z, w})− B(y, {z, x, w})
= −〈B♯(z), {x, y, w}〉 − 〈B♯(x), {y, z, w}〉 − 〈B♯(y), {z, x, w}〉
= 〈L∗(x, y)B♯(z), w〉+ 〈L∗(y, z)B♯(x), w〉 + 〈L∗(z, x)B♯(y), w〉,
which implies that
B♯[x, y, z]C = L
∗(x, y)B♯(z) + L∗(y, z)B♯(x) + L∗(z, x)B♯(y).
Thus, we have
B♯[x, y, z]C = −[B
♯(x),B♯(y),B♯(z)]L∗ + [B
♯(x), y, z]L∗ + [x,B
♯(y), z]L∗ + [x, y,B
♯(z)]L∗
+B♯[B♯(x),B♯(y), z]L∗ + B
♯[x,B♯(y),B♯(z)]L∗ + B
♯[B♯(x), y,B♯(z)]L∗ .
By Proposition 7.7, we obtain that {J,E} is a perfect complex product structure on Ac⋉L∗ A
∗.
Let (A, {·, ·, ·}) be a real 3-pre-Lie algebra. On the real 3-Lie algebra aff(A) = Ac ⋉L A, we
consider two endomorphisms J and E given by
J(x, y) = (−y, x), E(x, y) = (x,−y), ∀x, y ∈ A. (59)
Proposition 7.9. With the above notations, {J,E} is a perfect complex product structure on the
3-Lie algebra aff(A).
Proof. It is obvious that E is a perfect product structure on aff(A). Moreover, we have J2 = −Id
and J ◦ E = −E ◦ J . Obviously aff(A)+ = {(x, 0)|x ∈ A}, aff(A)− = {(0, y)|y ∈ A}. Define
φ : aff(A)+ → aff(A)− by φ , J |aff(A)+ : aff(A)+ → aff(A)−. More precisely, φ(x, 0) = (0, x).
Then for all (x, 0), (y, 0), (z, 0) ∈ aff(A)+, we have
−[φ(x, 0), φ(y, 0), φ(z, 0)]L + [φ(x, 0), (y, 0), (z, 0)]L + [(x, 0), φ(y, 0), (z, 0)]L
+[(x, 0), (y, 0), φ(z, 0)]L + φ[φ(x, 0), φ(y, 0), (z, 0)]L + φ[(x, 0), φ(y, 0), φ(z, 0)]L
+φ[φ(x, 0), (y, 0), φ(z, 0)]L
= [φ(x, 0), (y, 0), (z, 0)]L + [(x, 0), φ(y, 0), (z, 0)]L + [(x, 0), (y, 0), φ(z, 0)]L
= (0, {y, z, x}) + (0, {z, x, y}) + (0, {x, y, z})
= φ[(x, 0), (y, 0), (z, 0)]L.
By Proposition 7.7, {J,E} is a perfect complex product structure on the 3-Lie algebra aff(A).
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8 Para-Kähler structures on 3-Lie algebras
In this section, we add a compatibility condition between a symplectic structure and a paracomplex
structure on a 3-Lie algebra to introduce the notion of a para-Kähler structure on a 3-Lie algebra.
A para-Kähler structure gives rise to a pseudo-Riemannian structure. We introduce the notion of a
Livi-Civita product associated to a pseudo-Riemannian 3-Lie algebra and give its precise formulas
using the decomposition of the original 3-Lie algebra.
Definition 8.1. Let ω be a symplectic structure and E a paracomplex structure on a 3-Lie algebra
(g, [·, ·, ·]g). The triple (g, ω, E) is called a para-Kähler 3-Lie algebra if the following equality
holds:
ω(Ex,Ey) = −ω(x, y), ∀x, y ∈ g. (60)
If E is perfect, we call (g, ω, E) a perfect para-Kähler 3-Lie algebra.
Proposition 8.2. Let (A, {·, ·, ·}) be a 3-pre-Lie algebra. Then (Ac ⋉L∗ A
∗, ω, E) is a perfect
para-Kähler 3-Lie algebra, where ω is given by (22) and E is defined by (39).
Proof. By Theorem 4.5, (Ac⋉L∗ A
∗, ω) is a symplectic 3-Lie algebra. By Proposition 5.21, E is a
perfect paracomplex structure on the phase space T ∗Ac. For all x1, x2 ∈ A,α1, α2 ∈ A
∗, we have
ω(E(x1 + α1), E(x2 + α2)) = ω(x1 − α1, x2 − α2) = 〈−α1, x2〉 − 〈−α2, x1〉
= −ω(x1 + α1, x2 + α2).
Therefore, (T ∗Ac = Ac ⋉L∗ A
∗, ω, E) is a perfect paraKähler 3-Lie algebra.
Similar as the case of para-Kähler Lie algebras, we have the following equivalent description of
a para-Kähler 3-Lie algebra.
Theorem 8.3. Let (g, ω) be a symplectic 3-Lie algebra. Then there exists a paracomplex structure
E on the 3-Lie algebra (g, [·, ·, ·]g) such that (g, ω, E) is a para-Kähler 3-Lie algebra if and only if
there exist two isotropic 3-Lie subalgebras g+ and g− such that g = g+ ⊕ g− as the direct sum of
vector spaces.
Proof. Let (g, ω, E) be a para-Kähler 3-Lie algebra. Since E is a paracomplex structure on g, we
have g = g+ ⊕ g−, where g+ and g− are 3-Lie subalgebras of g. For all x1, x2 ∈ g+, by (60), we
have
ω(Ex1, Ex2) = ω(x1, x2) = −ω(x1, x2),
which implies that ω(g+, g+) = 0. Thus, g+ is isotropic. Similarly, g− is also isotropic.
Conversely, since g+ and g− are subalgebras, g = g+ ⊕ g− as vector spaces, there is a product
structure E on g defined by (32). Moreover, since g = g+ ⊕ g− as vector spaces and both g+ and
g− are isotropic, we obtain that dim g+=dim g−. Thus, E is a paracomplex structure on g. For
all x1, x2 ∈ g+, α1, α2 ∈ g−, since g+ and g− are isotropic, we have
ω(E(x1 + α1), E(x2 + α2)) = ω(x1 − α1, x2 − α2) = −ω(x1, α2)− ω(α1, x2)
= −ω(x1 + α1, x2 + α2).
Thus, (g, ω, E) is a para-Kähler 3-Lie algebra. The proof is finished.
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Example 8.4. Consider the symplectic structures and the perfect paracomplex structures on the
4-dimensional Euclidean 3-Lie algebra A4 given in Example 4.2 and Example 5.23 respectively.
Then {ωi, Ei} for i = 1, 2, 3, 4, 5, 6 are perfect para-Kähler structures on A4.
Example 8.5. Let (h, [·, ·, ·]h be a 3-Lie algebra and (h⊕ h
∗, ω) its (perfect) phase space, where ω
is given by (22). Then E : h⊕ h∗ −→ h⊕ h∗ defined by
E(x + α) = x− α, ∀x ∈ h, α ∈ h∗, (61)
is a (perfect) paracomplex structure and (h⊕ h∗, ω, E) is a (perfect) para-Kähler 3-Lie algebra.
Let (g, ω, E) be a para-Kähler 3-Lie algebra. Then it is obvious that g− is isomorphic to g
∗
+
via the symplectic structure ω. Moreover, it is straightforward to deduce that
Proposition 8.6. Any para-Kähler 3-Lie algebra is isomorphic to the para-Kähler 3-Lie algebra
associated to a phase space of a 3-Lie algebra.
In the sequel, we study the Levi-Civita product associated to a perfect para-Kähler 3-Lie
algebra.
Definition 8.7. A pseudo-Riemannian 3-Lie algebra is a 3-Lie algebra (g, [·, ·, ·]g) endowed
with a nondegenerate symmetric bilinear form S. The associated Levi-Civita product is the product
on g, ∇ : ⊗3g −→ g with (x, y, z) 7−→ ∇x,yz, given by the following formula:
3S(∇x,yz, w) = S([x, y, z]g, w) − 2S([x, y, w]g, z) + S([y, z, w]g, x) + S([z, x, w]g, y). (62)
Proposition 8.8. Let (g, S) be a pseudo-Riemannian 3-Lie algebra. Then the Levi-Civita product
{·, ·, ·} satisfies the following equations:
∇x,yz = −∇y,xz, (63)
∇x,yz +∇y,zx+∇z,xy = [x, y, z]g. (64)
Proof. For all w ∈ g, it is obvious that
3S(∇y,xz, w) = S([y, x, z]g, w)− 2S([y, x, w]g, z) + S([x, z, w]g, y) + S([z, y, w]g, x)
= −3S(∇x,yz, w).
By the nondegeneracy of S, we obtain ∇x,yz = −∇y,xz.
For all x, y, z, w ∈ g, we have
3S(∇x,yz, w) = S([x, y, z]g, w) − 2S([x, y, w]g, z) + S([y, z, w]g, x) + S([z, x, w]g, y),
3S(∇y,zx,w) = S([y, z, x]g, w) − 2S([y, z, w]g, x) + S([z, x, w]g, y) + S([x, y, w]g, z),
3S(∇z,xy, w) = S([z, x, y]g, w) − 2S([z, x, w]g, y) + S([x, y, w]g, z) + S([y, z, w]g, x).
Add up the three equations, we have
3S(∇x,yz +∇y,zx+∇z,xy, w) = 3S([x, y, z]g, w),
which implies that ∇x,yz +∇y,zx+∇z,xy = [x, y, z]g. The proof is finished.
Let (g, ω, E) be a perfect para-Kähler 3-Lie algebra. Define a bilinear form S on g by
S(x, y) , ω(x,Ey), ∀x, y ∈ g. (65)
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Proposition 8.9. With the above notations, (g, S) is a pseudo-Riemannian 3-Lie algebra. More-
over, the associated Levi-Civita product ∇ and the perfect paracomplex structure E satisfy the
following compatibility condition:
E∇x,yz = ∇Ex,EyEz. (66)
Proof. Since ω is skewsymmetric and ω(Ex,Ey) = −ω(x, y), we have
S(y, x) = ω(y,Ex) = −ω(Ey,E2x) = −ω(Ey, x) = ω(x,Ey) = S(x, y),
which implies that S is symmetric. Moreover, since ω is nondegenerate and E2 = Id, it is obvious
that S is nondegenerate. Thus, S is a pseudo-Riemannian metric on the 3-Lie algebra g. Moreover,
we have
3S(∇Ex,EyEz,w)
= S([Ex,Ey,Ez]g, w)− 2S([Ex,Ey,w]g, Ez) + S([Ey,Ez,w]g, Ex) + S([Ez,Ex,w]g, Ey)
= S(E[x, y, z]g, w)− 2S(E[x, y, Ew]g, Ez) + S(E[y, z, Ew]g, Ex) + S(E[z, x, Ew]g, Ey)
= −(S([x, y, z]g, Ew)− 2S([x, y, Ew]g, z) + S([y, z, Ew]g, x) + S([z, x, Ew]g, y))
= −3S(∇x,yz, Ew)
= 3S(E∇x,yz, w).
Thus, we have E∇x,yz = ∇Ex,EyEz.
The following two propositions clarifies the relationship between the Levi-Civita product and
the 3-pre-Lie multiplication on a para-Kähler 3-Lie algebra.
Proposition 8.10. Let (g, ω, E) be a para-Kähler 3-Lie algebra and ∇ the associated Levi-Civita
product. Then for all x1, x2, x3 ∈ g+ and α1, α2, α3 ∈ g−, we have
∇x1,x2x3 = {x1, x2, x3}, ∇α1,α2α3 = {α1, α2, α3}.
Proof. Since (g, ω, E) is a para-Kähler 3-Lie algebra, 3-Lie subalgebras g+ and g− are isotropic
and g = g+ ⊕ g− as vector spaces. For all x1, x2, x3, x4 ∈ g+, we have
3ω(∇x1,x2x3, x4)
= 3S(∇x1,x2x3, Ex4) = 3S(∇x1,x2x3, x4)
= S([x1, x2, x3]g, x4)− 2S([x1, x2, x4]g, x3) + S([x2, x3, x4]g, x1) + S([x3, x1, x4]g, x2)
= ω([x1, x2, x3]g, x4)− 2ω([x1, x2, x4]g, x3) + ω([x2, x3, x4]g, x1) + ω([x3, x1, x4]g, x2)
= 0.
By (g+)
⊥ = g+, we obtain ∇x1,x2x3 ∈ g+. Similarly, for all α1, α2, α3 ∈ g−, ∇α1,α2α3 ∈ g−.
Furthermore, for all x1, x2, x3 ∈ g+, and α ∈ g−, we have
3ω(∇x1,x2x3, α)
= 3S(∇x1,x2x3, Eα) = −3S(∇x1,x2x3, α)
= −S([x1, x2, x3]g, α) + 2S([x1, x2, α]g, x3)− S([x2, x3, α]g, x1)− S([x3, x1, α]g, x2)
= ω([x1, x2, x3]g, α) + 2ω([x1, x2, α]g, x3)− ω([x2, x3, α]g, x1)− ω([x3, x1, α]g, x2)
= ω([α, x1, x2]g, x3) + 2ω([x1, x2, α]g, x3)
= −3ω(x3, [x1, x2, α]g)
= 3ω({x1, x2, x3}, α).
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Thus, ∇x1,x2x3 = {x1, x2, x3}. Similarly, we have ∇α1,α2α3 = {α1, α2, α3}. The proof is finished.
Proposition 8.11. Let (g, ω, E) be a perfect para-Kähler 3-Lie algebra and ∇ the associated Levi-
Civita product. Then for all x1, x2 ∈ g+ and α1, α2 ∈ g−, we have
∇x1,x2α1 = {x1, x2, α1}+
2
3
({x2, α1, x1}+ {α1, x1, x2}), (67)
∇α1,x1x2 = −
1
3
{α1, x1, x2}+
2
3
{x2, α1, x1}, (68)
∇α1,α2x1 = {α1, α2, x1}+
2
3
({α2, x1, α1}+ {x1, α1, α2}), (69)
∇x1,α1α2 = −
1
3
{x1, α1, α2}+
2
3
{α2, x1, α1}. (70)
Proof. Since (g, ω, E) is a perfect para-Kähler 3-Lie algebra, 3-Lie subalgebras g+ and g− are
isotropic and g = g+ ⊕ g− as vector spaces. Thus, we have S(g+, g+) = S(g−, g−) = 0. For all
x1, x2 ∈ g+ and α1, α2 ∈ g−, we have
3S(∇x1,x2α1, α2)
= S([x1, x2, α1]g, α2)− 2S([x1, x2, α2]g, α1) + S([x2, α1, α2]g, x1) + S([α1, x1, α2]g, x2) = 0.
Since S is nondegenerate, we have ∇x1,x2α1 ∈ g−. Moreover, For all x1, x2, x3 ∈ g+ and α1 ∈ g−,
we have
3ω(∇x1,x2α1, x3)
= 3S(∇x1,x2α1, Ex3) = 3S(∇x1,x2α1, x3)
= S([x1, x2, α1]g, x3)− 2S([x1, x2, x3]g, α1) + S([x2, α1, x3]g, x1) + S([α1, x1, x3]g, x2)
= ω([x1, x2, α1]g, Ex3)− 2ω([x1, x2, x3]g, Eα1) + ω([x2, α1, x3]g, Ex1) + ω([α1, x1, x3]g, Ex2)
= ω([x1, x2, α1]g, x3) + 2ω([x1, x2, x3]g, α1) + ω([x2, α1, x3]g, x1) + ω([α1, x1, x3]g, x2)
= ω([x1, x2, α1]g, x3) + 2ω({x1, x2, α1}, x3) + ω({x2, α1, x1}, x3) + ω({α1, x1, x2}, x3).
Thus, we obtain
∇x1,x2α1 = {x1, x2, α1}+
2
3
({x2, α1, x1}+ {α1, x1, x2}),
which implies that (67) holds.
For all x1, x2 ∈ g+ and α1, α2 ∈ g−, we have
3S(∇α1,x1x2, α2)
= S([α1, x1, x2]g, α2)− 2S([α1, x1, α2]g, x2) + S([x1, x2, α2]g, α1) + S([x2, α1, α2]g, x1) = 0.
Since S is nondegenerate, we have ∇α1,x1x2 ∈ g−. Moreover, For all x1, x2, x3 ∈ g+ and α1 ∈ g−,
we have
3ω(∇α1,x1x2, x3)
= 3S(∇α1,x1x2, Ex3) = 3S(∇α1,x1x2, x3)
= S([α1, x1, x2]g, x3)− 2S([α1, x1, x3]g, x2) + S([x1, x2, x3]g, α1) + S([x2, α1, x3]g, x1)
= ω([α1, x1, x2]g, x3)− 2ω([α1, x1, x3]g, x2)− ω([x1, x2, x3]g, α1) + ω([x2, α1, x3]g, x1)
= ω([α1, x1, x2]g, x3)− 2ω({α1, x1, x2}, x3)− ω({x1, x2, α1}, x3) + ω({x2, α1, x1}, x3).
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Thus, we obtain
∇α1,x1x2 = −
1
3
{α1, x1, x2}+
2
3
{x2, α1, x1},
which implies that (68) holds.
(69) and (70) can be proved similarly. We omit details. The proof is finished.
Under the isomorphism given in Proposition 8.6 and the correspondence given in Theorem 4.11,
using the formulas provided in Proposition 4.10, we get
Corollary 8.12. For the perfect para-Kähler 3-Lie algebra (h ⊕ h∗, ω, E) given in Example 8.5,
for all x1, x2 ∈ h and α1, α2 ∈ h
∗, we have
∇x1,x2α1 = (L
∗(x1, x2)−
1
3
R∗(x2, x1) +
1
3
R∗(x1, x2))α1, (71)
∇α1,x1x2 = (
1
3
R∗(x1, x2) +
2
3
R∗(x2, x1))α1, (72)
∇α1,α2x1 = (L
∗(α1, α2)−
1
3
R∗(α2, α1) +
1
3
R∗(α1, α2))x1, (73)
∇x1,α1α2 = (
1
3
R∗(α1, α2) +
2
3
R∗(α2, α1))x1. (74)
9 Pseudo-Kähler structures on 3-Lie algebras
In this section, we add a compatibility condition between a symplectic structure and a complex
structure on a 3-Lie algebra to introduce the notion of a pseudo-Kähler structure on a 3-Lie algebra.
The relation between para-Kähler structures and pseudo-Kähler structures on a 3-Lie algebra is
investigated.
Definition 9.1. Let ω be a symplectic structure and J a complex structure on a real 3-Lie algebra
(g, [·, ·, ·]g). The triple (g, ω, J) is called a real pseudo-Kähler 3-Lie algebra if
ω(Jx, Jy) = ω(x, y), ∀x, y ∈ g. (75)
Example 9.2. Consider the symplectic structures and the complex structures on the 4-dimensional
Euclidean 3-Lie algebra A4 given in Example 4.2 and Example 6.22 respectively. Then {ωi, Ji} for
i = 1, 2, 3, 4, 5, 6 are pseudo-Kähler structures on A4.
Proposition 9.3. Let (g, ω, J) be a real pseudo-Kähler 3-Lie algebra. Define a bilinear form S on
g by
S(x, y) , ω(x, Jy), ∀x, y ∈ g. (76)
Then (g, S) is a pseudo-Riemannian 3-Lie algebra.
Proof. By (75), we have
S(y, x) = ω(y, Jx) = ω(Jy, J2x) = −ω(Jy, x) = ω(x, Jy) = S(x, y),
which implies that S is symmetric. Moreover, since ω is nondegenerate and J2 = −Id, it is obvious
that S is nondegenerate. Thus, S is a pseudo-Riemannian metric on the 3-Lie algebra g.
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Definition 9.4. Let (g, ω, J) be a real pseudo-Kähler 3-Lie algebra. If the associated pseudo-
Riemannian metric is positive definite, we call (g, ω, J) a real Kähler 3-Lie algebra.
Theorem 9.5. Let (g, ω, E) be a complex para-Kähler 3-Lie algebra. Then (gR, ωR, J) is a real
pseudo-Kähler 3-Lie algebra, where gR is the underlying real 3-Lie algebra, J = iE and ωR = Re(ω)
is the real part of ω.
Proof. By Proposition 7.1, J = iE is a complex structure on the complex 3-Lie algebra g. Thus,
J is also a complex structure on the real 3-Lie algebra gR. It is obvious that ωR is skew-symmetric.
If for all x ∈ g, ωR(x, y) = 0. Then we have
ω(x, y) = ωR(x, y) + iωR(−ix, y) = 0.
By the nondegeneracy of ω, we obtain y = 0. Thus, ωR is nondegenerate. Therefore, ωR is a
symplectic structure on the real 3-Lie algebra gR. By ω(Ex,Ey) = −ω(x, y), we have
ωR(Jx, Jy) = Re(ω(iEx, iEy)) = Re(−ω(Ex,Ey)) = Re(ω(x, y)) = ωR(x, y).
Thus, (gR, iE, ωR) is a real pseudo-Kähler 3-Lie algebra.
Conversely, we have
Theorem 9.6. Let (g, ω, J) be a real pseudo-Kähler 3-Lie algebra. Then (gC, ωC, E) is a complex
para-Kähler 3-Lie algebra, where gC = g⊗RC is the complexification of g, E = −iJC and ωC is the
complexification of ω, more precisely,
ωC(x1 + iy1, x2 + iy2) = ω(x1, x2)− ω(y1, y2) + iω(x1, y2) + iω(y1, x2), ∀x1, x2, y1, y2 ∈ g. (77)
Proof. By Corollary 7.2, E = −iJC is a paracomplex structure on the complex 3-Lie algebra gC.
It is obvious that ωC is skew-symmetric and nondegenerate. Moreover, since ω is a symplectic
structure on g, we deduce that ωC is a symplectic structure on gC. Finally, by ω(Jx, Jy) = ω(x, y),
we have
ωC(E(x1 + iy1), E(x2 + iy2)) = ωC(Jy1 − iJx1, Jy2 − iJx2)
= ω(Jy1, Jy2)− ω(Jx1, Jx2)− iω(Jx1, Jy2)− iω(Jy1, Jx2)
= ω(y1, y2)− ω(x1, x2)− iω(x1, y2)− iω(y1, x2)
= −ωC(x1 + iy1, x2 + iy2).
Therefore, (gC, ωC,−iJC) is a complex para-Kähler 3-Lie algebra.
At the end of this section, we construct a Kähler 3-Lie algebra using a 3-pre-Lie algebra with
a symmetric and positive definite invariant bilinear form.
Proposition 9.7. Let (A, {·, ·, ·}) be a real 3-pre-Lie algebra with a symmetric and positive definite
invariant bilinear form B. Then (Ac⋉L∗ A
∗, ω,−J) is a real Kähler 3-Lie algebra, where J is given
by (58) and ω is given by (22).
Proof. By Theorem 4.5 and Proposition 7.8, ω is a symplectic structure and J is a perfect complex
structure on the semidirect product 3-Lie algebra (Ac ⋉L∗ A
∗, [·, ·, ·]L∗). Obviously, −J is also a
perfect complex structure on Ac⋉L∗ A
∗. Let {e1, · · · , en} be a basis of A such that B(ei, ej) = δij
and e∗1, · · · , e
∗
n be the dual basis of A
∗. Then for all i, j, k, l, we have
ω(ei + e
∗
j , ek + e
∗
l ) = δjk − δli,
ω(−J(ei + e
∗
j ),−J(ek + e
∗
l )) = ω(ej − e
∗
i , el − e
∗
k) = −δil + δkj ,
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which implies that ω(−J(x + α),−J(y + β)) = ω(x + α, y + β) for all x, y ∈ A and α, β ∈ A∗.
Therefore, (Ac ⋉L∗ A
∗, ω,−J) is a pseudo-Kähler 3-Lie algebra. Finally, Let x =
∑n
i=1 λiei ∈
A,α =
∑n
i=1 µie
∗
i ∈ A
∗ such that x+ α 6= 0. We have
S(x+ α, x+ α) = ω(x+ α,−J(x+ α))
= ω
( n∑
i=1
λiei +
n∑
i=1
µie
∗
i ,
n∑
i=1
µiei −
n∑
i=1
λie
∗
i )
)
=
n∑
i=1
µ2i +
n∑
i=1
λ2i > 0.
Thus, S is positive definite. Therefore, {Ac ⋉L∗ A
∗, ω,−J} is a real Kähler 3-Lie algebra.
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